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Abstract 

This paper deals with the multivalued non-autonomous random dynamical system gener¬ 
ated by the non-autonomous stochastic wave equations on unbounded domains, which has a 
non-Lipschitz nonlinearity with critical exponent in the three dimensional case. We introduce 
the concept of weak upper semicontinuity of multivalued functions and use such continuity to 
prove the measurability of multivalued functions from a metric space to a separable Banach 
space. By this approach, we show the measurability of pullback attractors of the multivalued 
random dynamical system of the wave equations regardless of the completeness of the underlying 
probability space. The asymptotic compactness of solutions is proved by the method of energy 
equations, and the difficulty caused by the non-compactness of Sobolev embeddings on R” is 
overcome by the uniform estimates on the tails of solutions. 
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1 Introduction 

In this paper, we study the existence and measurability of random attractors of non-autonomous 
stochastic wave equations with critical non-Lipschitz nonlinearity on M” (1 < n < 3): 

utt + OiUt — Au -h Am -h f(x, u) = git, x) + euo t > t, (IT) 

at 

with initial conditions 

M(r,x) = Mo(x), Ut{T,x) = Ul{x), (1.2) 

where a, A and e are positive constants, <7 is a non-autonomous deterministic external term in 
L^q^(M, L^(M’^)), / is a nonlinear function which has critical growth rate and is not Lipschitz con- 
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tinuous, and w is a standard real-valued Wiener process. The symbol o indicates that the stochastic 
term in (ll.ip is understood in the sense of Stratonovich’s integration. 

The main assumption of this paper is that the nonlinearity / is continuous but not Lipschitz 
continuous, which leads to the non-uniqueness of solutions of (ll.ip - (|1.2l) . Consequently, the dy¬ 
namical system associated with (|l.ip - (ll.2l) becomes a multivalued (or set-valued) function. This 
introduces many difficulties for proving the measurability of solutions as well as the measurabil¬ 
ity of attractors because the measurability of set-valued functions are much more involved than 
single-valued functions. For instance, under general conditions, the measurability of attractors for 
stochastic equations without uniqueness still remains open in [a Em da El 07] when the underlying 
probability space is not complete. Indeed, the measurability of attractors in these cases requires 
either the probability space be complete [ZlEniElllZ! or the equation satisfy a very restrictive 
condition [7]. In the present paper, we will solve this problem and prove an abstract result on the 
measurability of set-valued functions from a metric space to a separable Banach space. Then we 
apply the abstract result to further prove the measurability of attractors for set-valued random 
dynamical systems when the underlying probability space is not complete. To derive our result, 
we introduce the concept of weak upper semicontinuity and prove such continuity is sufficient to 
ensure the measurability of set-valued maps (see Definition 12.21 and Theorem 12.3p . In the end, 
we will prove the measurability of attractors of the non-autonomous set-valued random dynamical 
system associated with the stochastic wave equations (HI-O regardless of the completeness of 
the underlying probability space. It is worth noticing that our approach can be applied to a wide 
class of stochastic equations without uniqueness, including those considered in [71 ITOl WA ETl 07] . 

In addition to the non-Lipschitz continuity, in this paper, the nonlinearity / is also allowed to 
have a growth order 7 = 3 when n = 3, which is referred to as the critical exponent in the literature. 
In this case, / maps to L^(M”') as a continuous function but not compact. This introduces 

another difficulty for proving the asymptotic compactness of solutions. The problem caused by the 
critical nonlinearity will be solved by the method of energy equations, which was developed by Ball 
in |3] for the deterministic wave equations. Of course, for the non-autonomous stochastic equation 
O), the energy equation is much more involved because it contains deterministic non-autonomous 
terms as well as random terms (see (|3.131) 1. We will use the ergodicity of the Ornstein-Uhlenbeck 
process to deal with the random terms and then employ the energy equation ()3.13p to derive the 
pullback asymptotic compactness of solutions in H 

The equation m is defined on the whole of M”, which introduces extra obstacle to prove 
the asymptotic compactness of solutions since Sobolev embeddings are not compact on This 
difficulty will be overcome by the uniform estimates on the tails of solutions as in [421 06] . 

The concept of pullback attractor for autonomous stochastic equations was developed in [T9l 
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[Ml [36] , and then extensively studied in [U El O El [3 [9l [13 Ell ESI EZl ESI ESI EH ESI ESI EH ESI 
EH Ea EH EH SSI [44]. This concept was extended to autonomous stochastic equations without 
uniqueness in [T] ESI ESI ESI ES] > to single-valued non-autonomous random systems in [20l ESI ES] , 
and to set-valued non-autonomous equations in ESI EU- In the present paper, we investigate 
pullback attractors for the non-autonomous stochastic wave equations without uniqueness. The 
reader is referred to ElElSlESlEIlESlESlEHlEQlESlEaESlEZlESlSQllSIl for global attractors 
of deterministic wave equations. 

In the next section, we prove a measurability result for set-valued functions from a metric space 
to a separable Banach space which can be used to derive the measurability of solutions of stochastic 
equations without uniqueness and the measurability of pullback attractor even if the underlying 
probability space is not complete. In Section 3, we define a non-autonomous set-valued random 
dynamical system for and prove the weak and strong continuity of solutions. Section 

4 is devoted to the pullback asymptotic compactness of solutions which is proved by the method 
of energy equations. In the last section, we present the existence and uniqueness of P-pullback 
attractors for 0-0- 

In the sequel, we write the norm and inner product of as || • || and (•, •), respectively. The 

norm of a Banach space X is denoted by || • ||x- 

2 Multivalued non-autonomous random dynamical systems 

The main purpose of this section is to prove a general measurability result for multivalued func¬ 
tions from a metric space to a separable Banach space. This result can be used to establish 
the measurability of random attractors for multivalued random dynamical systems generated by 
a wide class of stochastic differential equations without uniqueness, which will be demonstrated 
by the non-autonomous stochastic wave equations in this paper. We will also review basic con¬ 
cepts of multivalued non-autonomous random dynamical systems including definition and existence 
of random attractors, see e.g. ES EZj. These concepts are natural extensions of single-valued 
non-autonomous random dynamical systems [201 EH 06] and multivalued autonomous cocycles 
ElEniE3lEl|. The details on attractors of single-valued autonomous random dynamical systems 
can be found in [SESlEllEe] and the references therein. 

In this section, we assume X and Z are metric spaces, and their Borel u-algebras are written 
as B{X) and B{Z), respectively. The collection of all subsets of Z is denoted by 2^. Recall 
that a mapping G : X ^ 2^ is measurable with respect to B{X) if the inverse image of any 
open subset of Z under G is a Borel subset of X; that is, for every open set O of Z, the set 
G~^{0) = {x e X : G{x)f]0 / 0} belongs to B{X). A mapping G : A —)• 2^ is said to be 
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upper semicontinuous at x G X if for every neighborhood U of G{x) there exists 5 > 0 such that 
G{x') G U whenever d{x',x) < 5. An obvious sufficient criterion for upper semicontinuity of such 
multivalued functions is stated below. 

Lemma 2.1. Suppose X and Z are metric spaces. Let G : X — )• 2^ be a multivalued function and 
xq G X. If for any Xn xq in X and Zn G G{xn), there exist zq G G(xo) and a subsequence {zn;^} 
of {zn} such that Zn^ zo in Z, then G is upper semicontinuous at xq. 

Proof. If G is not upper semicontinuous at xq, then there exist a neighborhood U of G(xo), a 
sequence Xn —>■ xq and Zn G G{xn) such that Zn ^ U. However, by assumption, there exist 
Zq G G(xo) and a subsequence {zn^.} of {zn} such that Zn^^ zq. Since zq G G(xo) and U is a 
neighborhood of G(xo), we infer that Zn^. G U for large k, which is in contradiction with Zn^. ^ U 
for all A: G N. □ 

Based on Lemma EH we introduce the following weak upper semicontinuity of multivalued 
functions, which will be needed in this paper when proving measurability of pullback random 
attractors. 

Definition 2.2. Let X be a metric space and Z a Banach space. A multivalued function G : 
X —>■ 2"^ is said to be weakly upper semicontinuous at xq G X if for any Xn ^ xq in X and 
Zn G G{xn), there exist zq G G(xo) and a subsequence {zn^.} of {zn} such that Zn^ zq weakly in 
Z. If G is weakly upper semicontinuous at every x G X, then we say G : X —>■ 2^ is weakly upper 
semicontinuous. 

We now prove a measurability result for weakly upper semicontinuous multivalued functions. 

Theorem 2.3. Let X be a metric space and Z a separable Banach space. If G : X ^ 2^ is weakly 
upper semicontinuous, then G is measurable with respect to B{X). 

Proof. Given r > 0 and zq ^ Z ,\et B = {z ^ Z : \\z — zqHz < be the closed ball in Z with radius 
r and center zq. Then we claim that the inverse image of B under G, G~^{B), is a closed subset of 
X. Let Xn G G~^{B) and x G X such that x„ ^ x. We will show x G G~^{B). Since Xn G G~^{B), 
we have G{xn) H -6 / 0 and thus there exists Zn G G{xn) H B for each n G N. Since x„ ^ x and 
G is weakly upper semicontinuous, we find that there exist z G G(x) and a subsequence {zn^} of 
{zn} such that Zn,. ^ z in Z, which implies — zq ^ z — zq and thus 

liminf \\znt, - zo\\z > II 2 : - ^o||z- (2.1) 

k^oo 
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Since Zn^. £ -B, by (I2.ip we get \\z — zo\\z < r and hence z G B. On the other hand, we know 
z G G{x) and thus z G G{x) H B, which means x G G~^{B) as desired. So we have proved that the 
inverse image of every closed ball in Z under G is a closed set of X. 

Let B = {z G Z : \\z — z\\z < ^ he the open ball in Z with radius r and center z. Then we have 

OO _ _ 

B = U Bm with Bm = {z G Z : \\z — z\\z <r— and hence 

m=l 

OO 

G-\B) = IJ G-\Bm). (2.2) 

m=l 

As proved in the above, for each m G N, G~^{Bm) is closed in X and thus G~^{Bm) G B{X). This 
along with (|2.2D shows that 

G~^{B) G B{X) for every open ball B in Z. (2.3) 

Note that Z is separable and hence there exists M = {zm ■ m G N } such that M is dense in Z. 
Thus, for every open set O in Z, there exist Mq = {zmp : p G N} C M and a sequence of rational 

OO 

numbers such that O = \J Bp where Bp = {z G Z : \\z — Zm^Wz < i^mp} is the open 

p=i 

OO 

ball with radius and center Zmp- Therefore, G~^{0) = (J G~^{Bp), which together with (12.3p 

p=i 

implies G~^{0) G B{X) for every open set O in Z. □ 

In what follows, we introduce the concept of multivalued non-autonomous cocycles (random 
dynamical systems). As in the single-valued case, we need to use two distinct parametric spaces, 
say rii and 122 ) to deal with the non-autonomous perturbations of systems: fli is for the non- 
autonomous deterministic perturbation and 122 for the non-autonomous stochastic perturbation. 
Usually, we may take f2i either as the collection of all translations of deterministic external terms 
or as the collection of all initial times. In this paper, we will use the latter and hence take I2i = M. 
However, we emphasize that all results can be carried over in an obvious way to the case when I2i is 
the collection of translations of external terms. For stochastic perturbation, we take 122 as a metric 
dynamical system (12, X, P, {^tjtgK) where (12, X, P) is a probability space and 0:Mxl2—)-12isa 
measure-preserving group of translations on 12. 

Again, we assume that (A, d) is a metric space and the Hausdorff semi-distance between subsets 
A and B is written as d{A,B). 

Definition 2.4. A multivalued mapping ‘h: M'*' xMxHxA—7 >2^ with nonempty closed images 
is called a multivalued non-autonomous cocycle on X over (12, X, P, {^tltg®) if for all r G M, cu G 12 
and t,s G M"*", the following conditions (i)-(iii) are satisfied: 
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(i) r, •, •) : M’*' x 57 x X —^ 2^ is ^(M+) x F x 5(X)-measurable; that is, for every open set O 

of X, the set {(t,a;,x) E M"*" x 57 x X : ^{t,T,uj,x)f]0 / 0} belongs to x F x B{X). 

(ii) <h(0, T, cj, •) is the identity on X; 

(hi) d>(7 + s, r, w, •) = d>(7, r + s, Ogio, •) o $(s, r, w, •). 

If there exists a positive number T such that for every t E M"*", r E M and w E 57, 

$(7,r+ T,a;,-) = $(7,r,w,-), 
then <I> is said to be a periodic cocycle with period T. 

As mentioned earlier, it is much more difficult to obtain measurability of multivalued functions 
than singled-valued ones. Theorem 12.31 provides an avenue to establish the measurability of multi¬ 
valued cocycles under certain conditions. More precisely, we have 

Lemma 2.5. Let <!>.• M'*' xMx57xX—)-2"’^ be a multivalued function. Suppose Q is a metric space 
and X a separable Banach space. If for every r E M, the mapping d>(-,r, •, •) : M"*" x 57 x X —?■ 2"^^ 
is weakly upper semicontinuous in the sense of Definition \2.‘A then $(•, r, •, •) : x 57 x X —>■ 2"^^ 

is X B{Q.) X B{X)-measurable. 

Proof. This result follows from Theorem 12.31 immediately since M'*' x 57 x X is a metric space in 
the present case. □ 

From now on, we assume d>: R'*' xRx57xX—)-2^isa multivalued non-autonomous cocycle 
on X over {Q,F,P,{dt}te^). 

Definition 2.6. Let B = {B{t,u}) : r E R, cu E 57} be a family of nonempty subsets of X. Then 
the 57-limit set of B under <I>, 57 (i?), is given by 

Pl{B){t,uj) = Pi U ~ “ t,6-tuj)) 

r>0 t>r 

for every r E R and w E 57. 

Definition 2.7. Let 27 be a collection of families of nonempty subsets of X. $ is said to be 
27-pullback asymptotically compact in X if for all r E R, w E 57 and 27 E 27, every sequence 
Xn E ^{tn, T — tn, D{t — tn, has a Convergent subsequence in X whenever tn oo. 

Definition 2.8. Let 27 be a collection of families of nonempty subsets of X and A = {A{t,u}) : r E 
R,a; E 57} E 27. Such A is called a 27-pullback attractor for d> if the following conditions (i)-(iii) 
are satisfied; for every r E R and a; E 57, 
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(i) A{t, ■) : ri —)• 2^ is measurable with respect to F and A{t,uj) is compact. 

(ii) ^ is invariant: ^{t,T,(jj,A{T,Lo)) = A{t + t,9tLo), V t > 0. 

(iii) A attracts every member of V: for every D = {D{t,lo) : r G M, o; G fl} G P, 

lim T — t, 0-t^, D{t — t, 9-tU})), A{t, lo)) = 0. 

t^OO 

If, in addition, there exists T > 0 such that 

A{t + T,u) = A{t,uj), VtGMjVcugO, 
then A is said to be periodic with period T. 

We remark that the P-pullback attractor A in Definition 12.81 for a multivalued cocycle is required 
to be measurable with respect to F rather than its completion, which is the same as for single¬ 
valued cocycles. In the literature, the attractors for multivalued stochastic equations are often 
assumed to be measurable with respect to the completion of F (not F itself), due to the difficulty 
to obtain the P-measurability. In this paper, we ill demonstrate how to employ Theorem 12.31 to 
establish the measurability of attractors with respect to F. 

As for single-valued cocycles, a family K = {K{t,uj) : r G M, cu G D} G P is called a P-pullback 
absorbing set for <I> if for all r G M, cu G D and for every P G P, there exists T = T{D,t,uj) > 0 
such that 

^{t, T — t, 9-t^, D{t — t, C K{t, oj) for all t >T. 

For P-limit sets of closed P-pullback absorbing sets of d>, we have the following result which is 
an extension of single-valued non-autonomous cocycles and multivalued autonomous cocycles. 

Lemma 2.9. Let F be an inclusion-closed collection of families of nonempty subsets of X, and 
be a multivalued non-autonomous cocycle on X over {Ll,F, P,{9t}t£M.)- Suppose is V-pullback 
asymptotically compact in X and the mapping <h(t,r,a;,-) : X —?■ 2^ is upper semicontinuous for 
each t G M"'', r G M and w G P. If K ^ F is a closed F-pullbaek absorbing set of <I>, then the 
Q-limit set Q{K) has the properties: for every r G M and w G D, 

(i) Ll{K) G P and is compact. 

(ii) Q.{K) is invariant: r, w, P(iF)(r, w)) = P(iF)(r-|-t, V t > 0. 

(iii) Il{K) attracts every member ofF: for every P G P, 

lim d{^{t, T — t, 9-t^, D{t — t, 9-tU})), LI[K){t, uj)) = 0. 

t^OO 
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If, in addition, both and K are periodic with period T, then so is Il{K); that is, Q{K){t + T,uj) = 
for all T and u G H. 

Proof. The proof is just an obvious combination of [7] for multivalued autonomous cocycles and 
[45j for single-valued non-autonomous cocycles. The details will not be repeated here again. □ 

Next, we prove the measurability of fl-limit sets of P-pullback absorbing sets. To that end, we 
need the following lemma. 

Lemma 2.10. If En : H ^ 2^ is an E-measurable set-valued mapping for every n € N, then the 

CO CO 

mapping w —)• |J En{uj) is F-measurable, and so is the mapping u —>■ u -E'n(w). 

71=1 71=1 


Proof. For every open set O in X, we have 


cuGfl: (QF;„(a;)f|O)/0l = J cu G : ( Q f| O) / 


71 = 1 


71=1 


= U e : iEniiv)f]0) / 0} = U E-\0). (2.4) 

n=l n=l 

By assumption, for all n G N, E~^{0) is measurable for every open set O, which along with (|2.4I1 
completes the proof. □ 


The following lemma can be found in [7] and [46]. 

Lemma 2.11. Given n G N, let E^ : It ^ 2^ be an E-measurable set-valued mapping with 
nonempty closed images. Suppose for each fixed u G Q, every sequence {xn}^=i with Xn G En{oj) 
is precompact in X. If, in addition, is a decreasing sequence, then the map: u) G 0. ^ 

fj En{u:) is E-measurable with nonempty closed images. 

nSN 

The next is a result for the X-measurability of fl-limit sets of absorbing sets of ‘h (see also m)- 

Lemma 2.12. Let V he an inclusion-closed collection of families of nonempty subsets of X, and 
^ be a multivalued non-autonomous cocycle on X over (Q, X, P, Suppose <1> is T>-pullback 

asymptotically compact in X and the mapping <l>(t, r, a;, ■): X ^ 2^ is upper semicontinuous for 
each t G M"*", r G M and oj G LI. If K G E is a closed E-pullback absorbing set of and the 
mapping io —>■ <h(t, r, w, iF(r, a;)) is measurable with respect to E for every t G M+ and r G M, then 
the Ll-limit set Ll{K) is also measurable with respect to E. 




Proof. By Definition 12.61 and Lemma 12.91 one can check that for every r G R and cj G D, 


OO OO CXD 

D(iL)(r,a;) = Pi |J ^>(m, r - m, iL(r - m, = P L;„(w), (2.5) 

n=l m=n n=l 

where _ 

OO 

= P ^{m,T - m,e-mU},K{T - m,9-mU})). (2.6) 

m=n 

By the measurability of : D —>■ D and the assumption, we find that for every m G N, $(m, r — 
m, 0_mW,iL(r — m, 0_mw)) is measurable in oj with respect to F, which together with (|2.6I1 and 
Lemma 12.101 implies the J^-measurability of En- 

On the other hand, since <1> is P-pullback asymptotically compact, we find that any sequence 
Xn £ Enioj) is precompact. It is clear that En{u}) is nonempty and closed and {En{io)}’^=i is 

OO 

decreasing. Therefore, by Lemma 12.111 the mapping w —)• f) En{uj) is measurable, which along 

n=l 

with (12.511 completes the proof. □ 

By Theorem l2.3l and Lemma f2.12l we obtain the following measurability of D-limit sets of which 
is convenient in many applications where is generated by solutions of non-autonomous stochastic 
equations. 

OO 

Lemma 2.13. Suppose X is a separable Banach space and D a metric space with D = (J and 

m=l 

Pirn G B{Pi). Let V he an inclusion-closed collection of families of nonempty subsets of X and be 
a multivalued non-autonomous cocycle on X over P,{9t}teR)- Assume <I> is V-pullback 

asymptotically compact in X and the mapping <h(t,r,a;,-) : X ^ 2^ is upper semicontinuous for 
each t G R"*", r G R and uj G Pi. If K is a closed 'D-pullback absorbing set of ^ and the mapping 
<h(t, r, •, K{t, •)): Plm —5- 2^ is weakly upper semicontinuous in the sense of Definition 1 2. HI for every 
m G N, t G R'*' and r G R, then the Pl-limit set Pl{K) is measurable with respect to F. 

Proof. Since for every m G N, t G R"*" and r G R, the mapping lv ^{t,T,uj, K{t,uj)) is weakly 
upper semicontinuous from Plm to 2^, by Theorem 12.31 we find that the mapping <l>(t, r, •, lL(r, •)): 

OO 

Plm 2^ is measurable with respect to B{Plm)- Since D = |J Plm and Plm G B{Pl) we infer that 

m=l 

the mapping ‘l>(t, r, •, iL(r, •)); D —)• 2^ is measurable with respect to = B{Pl), which together 
with Lemma 12.121 yields the desired result. □ 

As an immediate consequence of Lemmas 12.91 and 12.131 we have the following existence and 
uniqueness of non-autonomous random attractors. 
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Theorem 2.14. Suppose X is a separable Banach space and 0 a metric space with 0 = |J 

m=l 

and Vim G B{Q). Let V he an inclusion-closed collection of families of nonempty subsets of X and 
^ be a multivalued non-autonomous cocycle on X over P,{9t}t£M.)- Suppose further: 

(i) ^ is V-pullback asymptotically compact in X. 

(a) w, ■) \ X ^ 2^ is upper semicontinuous for each t G M"'', r G M and a; G 

(Hi) <I> has a closed V-pullback absorbing set K gP. 

(iv) r, •, /C(t, •)).- Lira 2^ is weakly upper semicontinuous in the sense of Definition \2.^ 
for every m G N, i G M'*' and r G M. 

Then $ has a unique P-pullback attractor A = Ll{K) in P. If, in addition, both and K are 
T-periodic, then so is the attractor A. 

3 Multivalued non-autonomous cocycles for wave equations 

We will define a multi-valued non-autonomous cocycle in this section for problem (ini-dril), and 
then investigate the continuity properties of the solutions. 

Let z = ut + 6u where <5 is a nonnegative number to be determined later. By dLH) we get 

= (3,1) 

fl X CiUl 

{a — 6)z -|- (A -|- — a6)u — An -|- f{x, u) = g{t, x) -\- euo (3.2) 

LLL (JjL 

with initial conditions 

u{x,t) = Uoix), z{x,t) = Zoix), (3.3) 

where zo{x) = ui{x) + 6uo{x). Throughout the rest of the paper, we assume g G L^(M”')), 

/ : X R —>■ M is a continuous function which along with its antiderivative F{x, s) = Jq f{x, s)ds 

satisfies: for every x G R” and s G R, 

\f{x,s)\ < ci\sP + (j)i{x), 01 G L^(R”'), (3.4) 

f{x,s)s-C2F{x,s)>4)2ix), 02 GL^(R”), (3.5) 

F(x,s) > C 3 |sP+^ - 03(x), 03GL^(R”'), (3.6) 

where ci, C 2 and C 3 are positive constants, 7 G [1, 00 ) for n = 1, 2, and 7 G [1, 3] for n = 3. In the 
three-dimensional case, 7 = 3 is called the critical exponent. 
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Let (0, P, {0t}tg]R) be the standard metric dynamical system where n = {w G : 

a;(0) = 0} endowed with compact-open topology, T is the Borel u-algebra, P is the Wiener measure 
on and 0^ : Q ^ is given by Otco{-) = uj{- +t)— uj{t) for all w G n and t G M. 

Consider the random variable y : n —>■ M given by 

y{oj) = —a [ e“'^a;(T)dT, cj G (3.7) 

J —OO 

Then the process y{6tuj) satisfies 


dy{6tuj) -|- ay{6tuj)dt = dw. 


(3.8) 


It follows from [T] that there exists a ^^-invariant subset of full measure (which is still denoted by 
n) such that y{0toj) is continuous in t and y{ui) is tempered in w G fl. 

Let u be a new variable given by v{t,T,io) = z{t,T,uj) — sy{9tUj)u{t,T,uj). By (|3.1l) - (l3.3p we get 

du 

— + 6u - V = ey{6tu})u, (3.9) 

dt 

— (a — 5)v -|- (A -|- (5^ — a6)u — An -|- f{x, u) = g — ey{6tuj)v — e {sy{6tuj) — 26) y{9tuj)u, (3.10) 
with initial conditions 

u{t,x) = uo{x), v{t,x) = vo{x), (3.11) 


where vq = zq — £y{6TUj)uQ. 

Note that problem (I3.9p - (l3.1ip is a pathwise deterministic system parametrized by w G 11. Then 
by the deterministic approach of [1], one can show that under conditions (I3.4l) - (l3.6p . for every cj G 11, 
r G M and (no,no) G x L^(M”), system (|3.9p - (l3.1ip has at least one solution, in the sense 

of [1], (n(-,r,a;,no),n(-,r,a;,no)) G C{[t,oo), x L^(M”')) with (n(r, r, w, no), n(r, r, w, no)) = 

(no, no). This implies that z{-,t,lj, zq)) G C{[t,oo), x L^(M”')) satisfies (|3.1I) - 

(j3.3p with 

z{t, T, cn, zq) = v{t, r, cn, no) -h £y{9tuj)u(t, r, w, no). (3.12) 

Note that any solution (n, n) of (I3.9p - (|3.11l) satisfies the energy equation: 

-f-f ||n|p-|-(A-|-— Q;(5)||n|p-|-||Vn|p-|-2 [ F{x,u)dx'\ 
at V 0K" ) 

-|-2(q: — 5)||n||^ -|- 2(5(A -|- (5^ — a(5)||n||^ -|- 25||Vn||^ -|- 25(/(x, n), n) 

= 2(y,n) - 2ey{6tuj)\\v\\^ - 2£{ey{9tuj) - 26)y{9tuj){u,v) 

+ 2e(A + 6'^ - a6)y{9tOj)\\u\\^ + 2ey(0tu;)||Vn||^ -h 2ey{9t0j){f{x,u),u). (3.13) 
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Formally, equation (|3.13l) can be obtained by taking the inner product of (|3.10p with v in 

and then using (13.9p to substitute for v in {u,v), (Art, u) and (/(x,u),u) (see, e.g., [46]). This 

process can be justified by a limiting approach as in [3|. 

We will prove the weak and strong upper semicontinuity of the solutions of (I3.9I) - (I3.11|) . To this 
end, for every positive integer m E N, we introduce a subset of 14: 



These subsets 14^ with m E N have the following properties: 


Lemma 3.1. Let y be the random variable given by (13^ . and Llm be the subset of 14 given by 


(|3.14p for m E N. 

(i) If ujn ^ oj with C 0 n,uj E 14m for a fixed m E N, then y{6tOJn) —>■ y{0toj) uniformly for t in any 
compact interval o/M. Particularly, if tn ^ t and Un ^ oj with uJn,oj E 14m for a fixed m, then 
y{0t,,ojn) y{0tuj). 


oo 


(a) For every m E N, 14m is a closed subset of Ll and 14 = u 


m=l 

(Hi) Given m E N, it;e have, for all t < —m and u E ilm? 





(3.15) 


Proof, (i). Let [a, 6] be a compact interval of M and ujn^ oj with uJn,oj E 14m. By (|3.7p we get 


y{9t0j) =—a f e“’^a;(4 + r)fir + w(4) 



= —ae 


J —OO 


Therefore we have 



\y{6t0}n) - y{9t^)\ < ae 


Oj{T)dT + \uJn{t) — uj{t)\. (3.17) 


Since e“'^|T|(ir < oo, given e > 0, there exists Ti = Ti(e) > 0 such that 



(3.18) 


Let T = max{ri, m, —a}. By (|3.17l) - (|3.18p and the fact that ujn, oj E 14m, we obtain, for all t E [a, 6], 


\y{9tOJn) - y{9t0j)\ <ae / 


e“^|wn(r) - w(r)|dT + |a;„(4) - a;(t)| 


J —OO 
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< ae / e^^\uin{T) — ui{T)\dT + ae f e°‘'^\ujn{T) — uj{T)\dT + \u}n{t) — uj{t)\ 

J—oo J—T 

< 2ae““* f e"’"|r|dr + ae““* f e“'^|ti;„(r) — ti;(r)|cir + |a;„(i) — a;(i)| 

J-oo J-T 

< 2ae“"“e+ «€“"“ y e“'^|a;„(r) — a;(r)|dr + — a;(i)|. (3.19) 

Since a;„ —)• a; with respect to the compact-open topology of O, there exists N = N{e) > 1 such 
that for all re > and t G [a, 6], 


ae 


fb 

' / e“'^|ti;„(r) — a;(r)|dr < e and \iOn{t) — a;(t)| < e, 

J-T 

which together with (13.191) shows that for all re > and t G [a, 5], 

\y{0t^n) - y{0t^)\ < 2ae"““e 2e. 

In other words, we get 

yiOtOJn) —t y{0tbj) uniformly in t G [a,b]. (3.20) 

Now suppose tn ^ t and a;„ —>■ a; with ujn,uj G Clm- Then we have 

\y{0tr,^^n) - yi0t‘^)\ < \y{0t„u}n) - y{0t„u})\ + \yi0t^uj) - yi9tuj)\ 
from which, (I3.20|) and the continuity of y{6tuj) in t, we obtain 

y{9t„ujn) ^ yiOtu), asre-s^oo. 

(ii). Let ujn ^ oj with ujn G 11m and cu G H. We will show uj G 11m- Since ojn G Hmj we have for 
all |t| > m and re G N, 

1 

|wn(l)| < |1| and I / |y(6»ra;n)pd?’| < -\t\. 

Jo 

Taking the limit as re ^ oo, by (i) we obtain for all |t| > rre, 

/■i I 

|a;(t)| < |t| and | / |y(0r.a;)pdr| < —|l|. 

Jo « 

This indicates w G Hm and hence Hm is a closed subset of H for all rre G N. 


Given cj G H, since —>■ 0 as |t| —>■ oo, there exists Ti > 0 such that for all |t| > Ti, 

|w(l)| < |t|. 


(3.21) 
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On the other hand, by the ergodicity theorem, 

1 /■* 1 

lim - \y{eruj)\‘^dr = —, 
|£|—>CXD t Jq LOL 

which shows that there exists T 2 > Ti such that for all |t| > T 2 , 


[ \y{drU})fdr\ < -\t\. 

Jo OL 


(3.22) 


00 00 

By (I3.21l) - (l3.22p we find w E for m > T 2 and thus n C |J 0^- It is evident that |J Qm ^ 

m=l m=l 

cx> 

and hence 12 = |J Qm- 

m=l 


(iii). By (I3.16j) we have, for all co E t < —Tn and r < 0, 

\y{dtOj)\ < a [ e"’'|a;(t + r)|(ir + |a;(t)| 


< a 


rO pO 

/ e"’'(|t| + |T|)dr + |t| < 2|t| + a / e^’^lrldr 

J —CO J—00 


which yields (I3.15p . 


□ 


We mention that a similar subset of 12 was introduced in [7] to deal with the measurability of 
solutions of stochastic equations without uniqueness, which works for many equations perturbed 
by additive noise, but does not work for equations with multiplicative noise like (HI]). That is why, 
in the present paper, we consider the subset 12^ given by (|3.14l) and show this subset can be used 
to establish the measurability of the solutions of (|l.ip . 


From now on, we write for the trace cr-algebra of T with respect to 12^, and Pq,^ for the re¬ 
striction of P to ■ Sometimes, it is convenient to consider the measurable space (12^, , Pnm ) 

instead of the original space {Q-,P,P). Since 12^ is a closed subset of 12 by Lemma [3Tl we find 
that C P. 


It is convenient to reformulate system (I3.9l) - (|3.10l) as 

^ = Ai + G{x,t,u:,C), 


where 


and 



0 1 \ 

A 5-a )' 


(3.23) 


G{x,t,uj ,0 = 


—6u + ey{9tuj)u 

g - {X + d'^ - a6)u - f{x, u) - ey{9tuj)v - s {ey{9tuj) - 26) y{9tuj)u 


(3.24) 
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As proved in s, if ^ G C{[t^ oo),H^{W^) X L^(M”)) is a weak solution of (I3.9ll - ()3.1ip . then ^ satisfies 

+ y e'^^^~^'>G{-,s,uj,^{s,T,uj,(o))ds. (3.25) 

The mapping G given bv (l3.24l) has the following property which proves useful later. 

Lemma 3.2. Suppose (13.411 - (13.6p hold. Then we have 

(i) if in i in H^{W^) x and Un ^ oj with Un, w G flm, then G{-,t, cjn, in) G{-,t, uj, 

in (M”') X L^(M”') uniformly for t in compact intervals of R. 

(ii) if in ^ i strongly in H^{W^) x L^(]R”) and Un ^ oj with LOn,u} G then G{-,t,uJn,in) 
G{-,t,u},i) strongly in H^(W^) x L^(]R"') uniformly for t in compact intervals o/M. 


Proof, (i). Suppose ^ x L^(M"'). By (13.4p we find 

that f{-,Un) is bounded in and hence there is 0 G L^(]R”') such that, up to a subsequence, 

/(•,«„)-<)-in L2(M-). (3.26) 

Let Bfc = {x G M”' ; ||x|| < k} for each positive integer k. By the compactness of embedding 
H^{Bk) ^ L?‘{Bk), for every fixed A: G N, there exists a subsequence (depending on k) of {un}'^=i 
that is convergent in L^{Bk) and almost everywhere on B^. Then by a diagonal process, we can 
extract a further subsequence (which is still denoted by {un}^=i) such that 

Un ^ u a.e. on R"", (3.27) 


which implies that 


f{x,Un{x)) —>• f{u{x)) for a.e. x G R”. 


(3.28) 


By (13.261) . (13.281) and the Mazur’s theorem, we get cj) = f{u) and thus the entire sequence f{-,Un) 

(j) in L^(R”). This together with (|3.24p and Lemma [3T](i) implies G{-,t,uJn,in) G{-,t,uj,i) in 
(R"^) X L^(R”') uniformly for t in a compact interval. 


(ii). By (j3.4p we have 


f‘^{x,Un{x)) < gn{x) for all x G R"", (3.29) 

where gn{x) = 2c\\un{x)\^'^ + 4>\{x). If —)• ti in then gn ^ g in L^(R”), which along 

with p3.27p . (I3.29h and the dominated convergence theorem yields 



X, Un{x))dx —J- 


/^(x, u{x))dx. 


(3.30) 


By (I3.3np and the weak convergence of f{-,Un) we get f{-,Un) —>■ fi',u) in L^(R"'). Then using 
P3.24p and Lemma [3T] fi) we infer that G{-,t,0Jn,in) G{-,t,uj,i) in x L^(R”') uniformly 

for t in a compact interval. □ 
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The following lemma provides estimates of solutions of (|3.9I) - (I3.11I1 which are uniform in time 
and initial data on a bounded set. 


Lemma 3.3. Suppose (j3.4p - (13.61) hold. Let e>0, tGM, T>0, M>0 and ujn ^ oj with 
G Qm- Then there exists C = C{£,t,T, M,m,(jj) > 0 such that the solutions of (I3.9p - (l3.1ip 
satisfy 

||M(t,r,a;„,uo)||i^i + \\v{t,T,u;n,vo)\\L^ < C 

for a// n G N, t G [r,r + T] and {uq,vq) G x with \\{uo,vo)\\fjiy,]^2 < M . 

Proof. By ()3.13p with <5 = 0 we get 



< 2{g,v) - 2£y{etuj)\\vf - 2e^\y{9tuj)\‘^{u,v) 

+ 2£Xy{etUj)\\uf + 2£y{etUj)\\Vuf + 2£y{etuj){f{x,u),u). 


(3.31) 


By (|3.4p and (13.6p . we have 

2£y{9tu;){f{x,u),u) < 2£ci\y{9tuj)\ [ \u\'^^''-dx + £\y{9tuj)\\\(l)i\\'^ + £\y{9tuj)\\\u\\'^ 


<£c\y{9tuj)\ / F{x,u)dx + £c\y{9tui)\ + £\y{9tuj)\\\uf 


(3.32) 


It follows from (I3.3ip - (j3.32p that 


A 

dt 



< Waf + (1 + 2e|?/(6lta;)| + £^\y{9tu)\^)\\vf + £\y{9tuj)\{l + 2X + £\y{9tu)\)\\uf 
+2£\y{9tUj)\\\Vu\\'^ +£c\y{9tuj)\ F{x,u)dx + £c\y{9t(jj)\. 



Integrating the above over (r, t) and replacing w by Un we obtain 

||u(t,r,a;„,uo)||^ + X\\u{t,T,u}n,uo)f 


+ \\Vu{t,T,UJn,Uo)\\‘^ + 2 F{x,u{t,T,UJn,Uo))dx 




+ / lb('S)|pds+ / {l + 2£\y{9sUJn)\+£‘^\y{9sUJn)\‘^)\\v{s,T,UJn,Vo)fds 


Jr Jr 
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-\-s 


j |y( 6 »sWn)|(l + 2\ +e\y{OsUJn)\)\\u{s,T,UJn,UQ)\\'^ds 


+ ec 


+2e J \y{9sUJn)\\\"^u{s,T,UJn,Uo)\\‘^ds 

n \y{6sUJn)\F{x,u)dxds + £c / \y{0sUJn)\ds. 
X Jt 


(3.33) 


Since ujn ^ oj and uJn-,oj € Om, by Lemma f3.1l we know that y{9rOJn) v{9rOj) uniformly for 
r G [r, r + T] as n —>■ oo. Therefore, there exists N = N{T,t,uj) > 1 such that for all n > Ai and 
r G [t,t + T], 

\y{9rU}n)\ < 1 + \y{9rUj)\, 

which together with the continuity of y{9rUj) in r implies that there exists Ci = Ci{T,t,uj) > 0 
such that for all n > and r G [r, r + T], 


\y{0rUj)\ < Cl and \y{9rUJn)\ <1 + ^ 1 . 


(3.34) 


It follows from (j3.33p - (l3.34p that there exists C 2 = C 2 {T,t,uj) > 0 such that for all n > A^ and 
t G [t,t + T], 

\\v{t,T,Un,Vo)\\‘^ + \\\u{t,T,Un,Uo)\\‘^ 

+ \\\/u{t,T,UJn,Uo)\\‘^ + 2 / F{x,u{t,T,UJn,Uo))dx 

JR" 

< lluolP + AlluolP + llVuoll^ + 2 f F{x,uo)dx 

JR" 

+ J \\9{s)fds + {l+£ + £^)C2j \\v{s,T,UJn,Vo)fds 
+£{l+£)C 2 j \\u{s,T,U}n,Uo)\\‘^ds + £C 2 j \\Vu{s, T, UJn, Uo)\\‘^ ds 


+ £C 


\y{9sUJn)\F{x,u)dxds + £02- 


(3.35) 


By (|3.6I) we have F{x,u) + 03(x) > 0 for all x G M”', from which and (|3.34l) we hnd that there 
exists C3 = C2,{T, t, cj) > 0 such that for all n > A^ and f G [r, r + T], 


ec / / \y{9sUJn)\F{x,u)dxds < £C^ / / F{x^u{s))dxds + £C^. 


(3.36) 


Let 6*4 = max{(l + e + e^)C' 2 ,e(l + e)C 2 A“^,eC' 2 , ^eCa}. By (I3.35p and (I3.36p we get, for all n > A^ 
and t G [r, r + T], 

\\v{t,T,Un,Vo)\\‘^ + \\\u{t,T,Un,Uo)\\‘^ 
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+ \\Vu{t,T,UJn,Uo)\\‘^ +2 / F{x,u{t,T,UJn,Uo))dx 

JR" 

< lluolP + A||uo|P + llVliof + 2 f F{x,uo)dx 

JR" 

+ J ||fl'('S)|pds + Q J ||i;(s,r,a;n,i^o)|pc^'S 

+C4^\ J \\u{s,T,U}n,Uo)\\‘^ds + €4^ J || Vtt(s, T, Uq) |pds 

+ eCs f f F{x,u{s))dxds + £{C2 + C3). 

Jt JR" 

Since C 4 > ^eCa, by (13.61) we see that there exists 6*5 > 0 such that 

eCa f [ F{x,u{s))dxds < 2C4 f f F{x,u{s))dxds + 05(1 + s). 

Jt JR" Jt JR" 

It follows from (I3.37p - (j3.38p that for all n > and t G [r, r + T], 

\\v{t,T,Un,Vo)\\'^ + X\\u{t,T,UJn,Uo)\\'^ 

+ \\Vu{t,T,UJn,Uo)f +2 / F{x,u{t,T,UJn,Uo))dx 

JR" 

< IlnolP + A||tto|P + llVuolP + 2 / F{x,uo)dx + C4 [ \\v{s,T,uJn,vo)\\'^ds 

JR" Jt 

+C4\ J \\u{s,T,U}n,Uo)\\‘^ds + C4 J \\V u{s, T, UJn, Uo)\\‘^ds 

+ 2C4 f f F{x,u{s))dxds + {1 + £)Cq + f 115(5)11^(15. 

J T JmJ^ j T 

By Gronwall’s inequality, we get from ()3.39l) that for all n > and t G [r, r + T], 

\\v{t,T,Un,Vo)\\‘^ + \\\u{t,T,Un,Uo)\\‘^ 

+ ||Vn(t,r,u;n,no)|P + 2 / F{x,u{t,T,uJn,uo))dx 

JR" 


(3.37) 


(3.38) 


(3.39) 


Ibnr + 

which along with (13.4p and (13.6p yields the desired estimates. 


AllnolP + llVuoll^ + 2 f F{x,uo)dx + {1 + £)Ce] + [ e ^'>g{s)ds, 
JR" / Jt 


□ 


Next, we prove the solutions of (j3.9h - (l3.11h are uniformly small outside a large bounded domain 
under certain conditions. 
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Lemma 3.4. Suppose (|3.4l) - (l3.6p hold, e > 0, r E M, T > 0, and Un ^ oj with LOn,uj E 0,m- Let 
{u{-,T,Un,uo^n),v{-,T,^n,yo,n)) be a solution of (I3.9h - (l3.1ip with initial data (uo,n,^o,n) o-t initial 
time T. If (uo,n,vo,n) (uo,vo) in x L‘^{W^), then for every rj > 0, there exist N = 

N{e, T, T, m, uj,r]) > 1 and K = K{e, r, T, m, co,r]) > 1 such that for all n> N and t E [t,t + T], 

/ {\u{t,T,UJn,Uo,n)\‘^ + \Vu{t, T, UJn, Uo,n)\‘^ + \v{t,T,UJn,Vo,n)\‘^) dx < 1]. (3.40) 

J\x\>K 

Proof. We here formally derive the estimate of (13.401) which can be justified by a limiting method 
as in [1]. Let /? : R —)• M be a smooth function such that 0 < p < 1 and 

p{s) = 0 for |s| < 1 and p{s) = 1 for |s| > 2. (3.41) 


Setting (5 = 0 and taking the inner product of (|3.10l) with p (^) v in L^(R”), we get 


\v\^dx + a I p[ ] \v\‘^dx 




P [ u)vdx = I p( ) gvdx 


Id f 
2 dt 

•I 

-ey{9tuj) j p \v\‘^dx - e'^y'^iOtOj) J p^-^'^uvdx, 

which along with (j3.9p implies 

/C* + |Vu|^ + 2F(x,tt)) (ix + 2Q;y P \v\'^dx 

"" /rR (^) L" (^) 

-2s‘^y‘^{6tw) y p uvdx+ 2sXy{9tui) J P dx 

+2sy{9tuj) J p Vnpdx + 2ey(6»ta;) y p f {x, u)udx 


— 4 / p { ) vVu^dx. 

I k<\x\<y/2k 




'A;2 


(3.42) 


By (j3.4p and (j3.6p we have 


2e|y(6»ia;)| y p f{x,u)udx < eC\y{9tu)\ p^^)F(x,u)dx 
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(3.43) 


+ eC\y{etUj)\ p(^-^'^\ufdx + eC\y{etUj)\J^ p {\4>i\‘^ + \(l> 3 \)dx. 

By p.42p - p.43p and Young’s inequality, we obtain (after replacing oj by Un), 

^ j P {\v{t,T,UJn,Vo,n)\‘^ + X\u{t,T,UJn,Uo^n)\'^ + \Vuf + 2F{x,u)) dx 

- j P \v{t,r,uJn,vo,n)\‘^ {l+ 2e\y{0tOJn)\ + e‘^\y{etUJn)\‘^) dx 

+ J p(^'^'^ \u{t,T,Un,Uo^n)f {e‘^\y{0tUJn)\^ + ‘ieMy{^tUJn)\ + £C\y{6tUJn)\) dx 

+2e\y{6tUJn)\ J p \Vu\'^dx + eC\y{6tUJn)\ J p F{x,u)dx 

+eC\y{etUJn)\ P + \4>3\)dx + 

c 

+ — (||Vn(t,T,a;„,tto,n)|P + ||u(t,r,Wn,fo,n)|P) • (3.44) 

Since (tto,n)'(^o,n) ^ (^^Oi^^o) in x L^(M"') and cOn uj, by Lemma 13.31 we find that 

{u{t,T,Un,Uo^n),vit,T,uJn,Vo^n)) is Uniformly bounded in [r,r + T] for n G N, Therefore, there 
exists Ki > 1 such that for all k > Ki, t £ [r, r + T] and n G N, 

(J 

— (||V'u(t,r,Wn,Uo,n)|P + ||n(t, T, UQ.n) |P) < P- (3.45) 

On the other hand, by Lemma 13.11 (i) we know y{9tOJn) —^ y(^tw) uniformly for t £ [r, r + T] as 
n —?• oo, and thus there exists Ci > 0 and A^i > 1 such that for all n'> Ni and t £ [r, r + T], 

\y{9tu:)\ < Cl and \y{9tUJn)\ < Ci. (3.46) 

By (13.6p and (I3.46P we get, for n> Ni, 

eC\y{9tOJn)\ J p F{x,u)dx 

<eCCi J p F{x,u)dx+ 2 £CCi J p \cl)s{x)\dx. (3.47) 

If follows from (13.61) and (|3.44I) -([3 P that there exists C 2 > 0 such that for all n > A^i, /c > iLi and 
t £ [t,t + T], 

^ J P {\vit,T,Uln,Vo,n)f + X\u{t,T,U)n,Uo^n)\'^ + \Vu\‘^ + 2F{x,u)) dx 
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< 6*2 y P {\v{t,T,UJn,Vo^n)? + \\u{t,T,UJn,Uo^n)?‘ + \Vu\‘^ + 2F{x,u)) dx 

+ C 2 [ p(^-^'] + \g\‘^+ \h\)dx + r]. (3.48) 

J\x\>k J 

Note that there exists K 2 > Ki such that for all k > K 2 , 

*^2/ i\Mx)\‘^+ \ 9 {x)\'^+ \hix)\)dx <T]. (3.49) 

J\x\>k \k^ J 


By (j3.48jl - (l3.49|) and Gronwall’s lemma, we obtain, for all n > A^i, A: > ^2 and t G [r,r + T], 

I {\v{t,T,UJn,Vo^n)?‘ + \\u{t,T,UJn,Uo^n)\^ + \Vu\^ + 2F{X,U)) dx 

< J p {\vo,n\‘^ + A|no,n|^ + |Vno,nP + 2F(x, no,n)) dx + 2 r]C 2 ^e'^^'^. (3.50) 

Since (no,no) G x L^(M"'), there exists K 3 > K 2 such that for all k > K 3 , 


'\x\>k 


(|no(x)p + |Vno(x)|^ + \vo{x)\‘^)dx < 7. 


(3.51) 


Since (no,n,no,n) (no,no) in x L^(M”), there exists N 2 > Ni such that for all n > N 2 , 

/ (|no,n(a;) - no(x)p + |Vno,n(a:) - Vno(x)p + |no,n(a;) - no(x)|^)dx 

J\x\>k 

< / {\uo,nix) -Uo{x)\‘^ + \Vuo,n{x) -Vuoix)\‘^ + \vo^nix) -Vo{x)f)dx 
which together with (j3.51l) implies that for all n > N 2 and k > K^, 

[ {\uo,nix)\‘^ + \Vuo^n{x)\‘^ + \vo,nix)\‘^)dx <p. (3.52) 

J\x\>k 


By (|3.4p and (13.521) we find that there exists Cs > 0 such that for all n > N 2 and k > K 3 , 

(|no,np + A|no,nP + |Vno,nP + 2F(x,uo,n)) dx 


< f (jxo^np + A|no,nP + |Vno,n|^)da: 

J\x\>k 

+ 2e‘^2T f pf \^\ uo^n)dx < Csp. 

\x\^k \ / 


(3.53) 


21 










By (13.61) . (13.501) and (13.531) we get, for all n > A'" 2 , A: > K^, and t E [r, r + T] 


< 


\x\>y/2k 


This completes the proof. 


{\v(t,T,UJn,Vo^ri)\‘^ + X\u{t, T, LJn, Uo,n)\‘^ + |Vu|^) dx 
{\v{t,T,UJn,Vo,n)\‘^ + A|, T, ,'Uo,n)|^ + |Vttp) dx < C^T], 


□ 


Next, we discuss the weak and strong continuity of solutions of system (j3.9j) - (j3.1ip . 

Lemma 3.5. Suppose (I3.4h - (j3.6j) hold, r E M, tn ^ A with tn > t and ujn ^ iw with LOn, oj E Let 
{u{-,T,u}n,uo^n),v{-,T,uJn,vo^n)) a solutiou of (|3.9p - (|3.Ill) with initial data {uo^n,vo,n) at initial 
time T. 

(i) If {uQ^mVQ^n) iuo,vo) in x L‘^{W^), then system (|3.9p - (l3.1ip has a solution {u,v) = 

{u{-,T,u},uo),v{-,T,LO,vo)) with initial eondition (uo,vo) at initial time r sueh that, up to a subse- 
quenee, 

u{tn,T,UJn,Uo,n) u{t,T,UJ,Uo) in 

and 

v{tn,T,UJn,Vo^n) ^ v{t,T,U,Vo) in 

(ii) If (uo,n,vo,n) —t (uo,vo) in x then system (I3.9p - (I3.11[) has a solution 

{u,v) = {u{-,T,uj,uo),v{-,T,uj,vo)) with initial condition {uo,vo) at initial time r such that, up 
to a subsequence, 

u{tn,T,UJn,Uo,n) ^ u{t,T,UJ,Uo) in 

and 

v{tn,T,UJn,Vo,n) ^ v{t,T,U},Vo) in L^(]R"'). 

Proof, (i). Since tn ^ t with tn > t and (uo,n)^ in II^{W^) x L^(]R”), there exist 

T > 0 and M > 0 such that for all n E N, 

tn,te[T,T + T] and \\{uo^n,Vo,n)\\H^xL^ < M. (3.54) 

Since Un ^ w with ujn,uj G Ilm, by (13.541) and Lemma [331 there exists a constant C > 0 such that 
for all n E N and r E [r, r + T], 

||n(r,r,u;n,no,n)IUi + \\v{r,T,uJn,vo^n)\\L^ < C. (3.55) 
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Let ^o,n — 


'^0,71 

and 'll; G H\W^) x 


and Cn{r,T,uJn,^o,n) = ( y By (I3.25P we get for all r > r 

’ " v{r,T,U}n,Vo,n) J 


^ ^ni Co,n) i'^ ^ ^ ^ 

/ r 

< e ^ ^(?(•, S, Wji, (s, T, Wfi, ^0,n))) "0 ^ ^'S) 


(3.56) 


and G2(x,s,a;n,^n) = 


where < •,• > is the inner product of xL^(M"). LetGi(s) = ^ ^ 

G{x,s,(jJn,^n) — Gi{s). Then by (j3.24D . (13.5511 and Lemma EH] (i), we find that there exists Ci > 0 
such that for all n G N and s G [r, r + T], 


IIG2 (■) 'S) Wn,, ^n('Sj T, ^0,n) llffl xL^ ^ Cl- 


(3.57) 


We now prove the equicontinuity of < ^„(r, r,a;„, ^o.n), V' > by the approach of [3]. By ([3|) we have 
for r, r + p G [r, r + T] with p > 0, 

< Cn{r + p, T, Uln, ?0,n) “ ^n{r, T, Uln, ^0,n), > 

=< (e^(’'+P-)-e^(^-"))eo,n,V'> 

+ y < (e^('’+P-^) - e^('’“''))G(-, S, UJn,Cn{s, T, UJn, Co,n)),'tp > ds 

rr+p 

+ < e^^^~^P~^^G{-,S,UJn,^n{s,T,UJn,^0,n)),i> > ds. (3.58) 

J r 

Given pi > 0 and M > 0, it follows from [3] that there exists P 2 > 0 such that 

I < (e^T+p) _ e^^)(/), ^/; > I < r/i (3.59) 

for all ||</>||_h- 1 xL 2 < M and r,r + p G [0,T] with 0 < p < r] 2 - By (I3.57p - (|3.59l) we obtain the 
equicontinuity of < ^nir, t, u}n,^o,n),'ip >■ Therefore, as in [3], we find that there exist a subsequence 
^„/(r, r, (jJn’ 1 ^ 0 ,n’) and a weakly continuous mapping ^ : [t,t + T] ^ H i(M") X L2(]R^) with ^(r) = 


Uq 

Vo 


such that 


U'{r,T,uJn',Co,n') ^ ^{r), uniformly for rG[r,r + r]. 


(3.60) 


Note that the subsequence Cn'{v,T,u}n',Co,n') satisfies (E|)- By taking the limit as n' —oo, using 
(El), (13.571) . (13.601) . the weak continuity of e"^’’ and Lemma EH](i), we can get for r G [r,r + T], 


< ^(r),^' >=< >+ < e^("-")G(-,s,a;,^(s)),V’ > ds. 


(3.61) 


23 















Thus is a weak solution of (I3.9p - (I3.10I) with initial condition at initial time r, that is, 

? = ^{r,T,uj,^o) for r G [t,t + T]. By a diagonal process, we can choose a further subsequence (not 
relabeled) such that 

^ Uniformly for r in any compact interval of M. (3.62) 

Since tn ^ t, hy (13.6211 we obtain 

^n'{tn' jT, UJn' 1 ^0,n') ^ T, UJ, , (3.63) 


as desired. 

(ii). We now suppose (uo,n,^'o,n) {uo,vo) strongly in H ^(M”) X L^(R”’) and t. Next, we 
show the weak convergence of (j3.63p is actually a strong convergence under the current conditions. 
For convenience, in the sequel, we will write the subsequence in’{'<’■, t^ n’ ■,io,n') as 

Choose a positive number T such that tn,t G [r,T + T]. Let Ei : Lf^(M”') x L^(M"') —)• M be a 
functional given by, for {u,v) G x L^(R”'), 

£'i(u, u) = ||u||^ + A||u|p + ||Vrt||^ + 2 / F{x,u)dx. (3.64) 

It follows from (I3.13p with (5 = 0 that 

= -2q!||u|P + 2{g,v) - 2ey{etuj)\\v\\^ - 2£^y^{etuj){u,v) 

+ 2£Xy{et0j)\\u\\‘^ + 2£y{et0j)\\Vu\\‘^ + 2£y{9tuj){f{x,u),u). (3.65) 

Since the sign of y{9t0j) is indefinite, so are the coefficients of ||u|p, ||tt|p and ||Vm|P in (j3.65p . This 
prevents us from applying Fatou’s Theorem to estimate the integrals of these terms in time. To 
solve the problem, we add —2£\y{9t0j)\Ei to both sides of ^3.651) to make these terms negative. By 
doing so, we obtain 

- 2£\y{9tu:)\Ei = -2{a + £{\y{9tuj)\ + y{9tuj)))\\v\\‘^ 
at 

-2£X{\y{9tUj)\ - y{9tuj))\\uf - 2£{\y{9tuj)\ - y{9tUj))\\Vuf 

+ 2£y{9tu}){f{x,u),u)-4:£\y{9tuj)\ ( F{x,u)dx - 2£‘^y‘^{9tU}){u,v) + 2{g,v). (3.66) 

Jr’’ 

Solving for Ei from p3.66p on [r, t] we obtain 

Ei{u{t,T,uj,uo),v{t,T,uj,vo)) = Ei{uo,vo) 

-2 /^-2-//l^(^’--)l''^(a + e(|y(0,a;)| +y(0,cu)))||u(s,r,cu,uo)f^ 
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-2e (0,a;)I - y(0,u;))IIVn(s, r, a;, uo)f ^ 

+2e J ^y^'^''‘^^^'^'"y{esUj){f{x,u{s,T,u,uo)),u{s,T,u,uo))ds 

—4e f ^y^^^‘^'^^^'^\y{9s(jj)\ f F{x,u{s,T,oj,uo))dxds 

Jt 2R" 

-2e^y ^y^^'"‘^'^^'^''y'^{9sUj){u{s,T,u},uo),v{s,T,u],vo))ds 

ft 

+ 2j e-^^ft\y^^^‘^^\'^^g,v{s,T,oj,vo))ds. 


By p.64p and ()3.67p we obtain 

||n(t,r,w,no)|p + A||n(t,r,w,uo)|P + \\Vu{t,T,uj,uo)\\‘^ 

=—2 F{x,u{t,T,(jj,uo))dx 

+e-2"^*"l^(''’-‘")l''^(||no||2 + A||uof+ ||Vnof+ 2 [ F{x,uo)dx) 

JR" 

-2 J e~'^^-^t^y‘'^^‘^'>^'^''{a + e{\y{9su)\+y{9sUj)))\\v{s,T,uj,vo)fds 

-2eX I' e-2- - y(0.u;)) ||n(s, r, a;, uo)fds 

-2e //I - y(0,u;))IIVn(s, r, a;, uo)f 

+2e J \y^'^'~‘^^\'^'"y{9sUj){f{x,u{s,T,u,uo)),u{s,T,uj,uo))ds 

—4e [ [ F{x,u{s,T,oj,uo))dxds 

Jt JR" 

-2e^y l*'(^''‘^)l'^'’y^(6»sa;)(u(s,T,a;,'Uo),n(s,r,a;,no))ds 

+ 2 J' \y(dru^)\dr^g^ 

Replacing t by w by uo,n by uq, no,n by no in (|3.68l) . we get 

^0,n)|| 4“ A|| , T, CJ} 2 ,'Uo,n) II 4“ II Uo^n) II 


(3.67) 


(3.68) 
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= -2 


-2 


-2e 


i / F{x,u{tn,T,UJn,Uo,n))dx 
JR" 

+e-2£/t„ + A||tto,n|P + ||Vno,n||^ + 2 / F{x,uo,n)dx) 

JR" 

/ in 

g-2£/t„ e(|y(6'sa;„)| + y(6'sa;„)))||ti(s,r,a;n,i;o,n,)|pds 

-2eA J 11^(5, r,a;„,wo,n)|pds 

/ in 

e“2£/t„ - y(6»sWn))||Vu(s,T,a;n,'Uo,n)|p(is 

/ in 

g-2£ /t„ n(s, r, Wn, Uo^n)),u{s, T, Wn, 'WO,n))c?S 

-As f [ F{x,u{s,T,UJn,Uo^n))dxds 

Jt JR" 

/ in 

r, UJn,Uo^n),v{s, T, t>o,n))ds 

/ in 

\y^^^‘^^'>\‘^'"{g^v{s,T,UJn,Vo,n))ds. (3.69) 

We need to examine the limit of each term in ()3.69p . By ()3.62p we have for each r £ [r, r + T], 

u{r,T,uJn,uo,n) ^ u{r,T,u},uo) inF^(M"'), (3.70) 

and 


+2e 


- 2 e^ 


v{r,T,Un,vo^n) ^ v{r,T,uj,vo) in L2(M"'). 

We claim that for every r G [r, r + T], 

u{r,T,uJn,Uo^n) u{r,T,uj,Uo) Strongly in L^(M”'). 


(3.71) 


(3.72) 


Since (no,nWo,n) {uo,vo) in H^(W^) x L^(R”') and ojn ^ oj with ojn^oj G Aim, by Lemma (3^ we 
find that for every r] > 0, there exist Ni > 1 and K > 1 such that for all n > iVi and r G [r, r + T], 


/ \u{r,T,uin,uo,n)\'^dx and / \u{r,T,uj,uo)\‘^dx < ^. 

J\x\>K ° J\x\>K o 


\x\>K 


(3.73) 


On the other hand, by the compactness of embedding H^{Bk) L?‘{Bk) with Bk = {x G 
|x| < K}, we get from p3.70l) that 


u{r, T, U}n, uo,n) 'w(^ T, uj, uq) Strongly in L^{Bk)- 


(3.74) 
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By (I3.74p . there exists N 2 > Ni such that for all n> N 2 , 


'\x\<K 


\u{r,T,LOn,uo^n) “ u{r, T, U, Uo)\^dx < 


(3.75) 


It follows from (13.731) and (I3.75P that for all n> N 2 , 

/ \u{r,T,uJn,uo^n) “ u{r, T, u, uo)f dx < r], 

Jk" 

which implies (|3.72l) . Similarly, we also have 

u{tn,T,uJn,uo^n) ^ u{t,T,uj,uo) strongly ill (3.76) 

which follows from ()3.63p . ()3.73l) and the arguments of ()3.72p . By ()3.4p and (I3.55P we get 

/ \F{x,u{tn,T,UJn,Uo^n)) “ F{x, u{t, T, UJ, Uo))\dx 

JR" 

< C{\\u{tn,T,UJn,Uo^n)\\Hi + ||u(t, T, CJ, Uq) ||^i + \\<Pl\\'^)\\u{tn, T, UJn, UQ^n) “ u{t, T, UJ, Uo)\\ 

< Ci\\u(tn,T,UJn,Uo^n) “ u(t,T,UJ,Uo)\\, 

which together with (I3.76P yields 

/ F{x,u{tn,T,UJn,Uo^n))dx ^ / F{x, u{t, T, UJ, uo))dx. (3.77) 

JR" JR" 

Analogously, by tio,n —>■ we can get 

/ F{x,uo^n)dx ^ / F{x,uo)dx. (3.78) 

JR" ’ JR" 

By ()3.55p . ()3.72p . Lemma [34l lil. the arguments of p3.77p and the Lebesgue dominated convergence 
theorem, we obtain 


lim 

n—^oo 


I 


\yi9rOJn)\dr 


y{9sUJn) / F{x,u{s,T,UJn,Uo^n))dxds 
JR" 

= [ F{x,u{s,T,uj,uo))dxds. (3.79) 

Jt JR" 

By (13. 4p we have for all s G [r, r + T], 

\f{x,u{s,T,UJn,Uo^n))u{s,T,UJn,Uo^n)\ < Ci\u{s, T, UJn, + \(pl\\u{s , T, UJn, U 0 ,n)\- (3.80) 

By ()3.55l) and ()3.72D we see that the right-hand side of ()3.80p is convergent in L^(MF). Thus by a 
dominated convergence theorem in [4] we obtain 

lim / f{x,u{s,T,UJn,Uo^n))u{s,T,UJn,Uo^n)dx= / f {x, u{s, T, UJ, Uo))u{s, T, UJ, Uo)dx. (3.81) 
JR" Jr" 
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By (I3.55p . Lemma [3TT] fi) and the Lebesgue dominated convergence theorem, we obtain from (I3.8ip 
that 


lim 

n^co 


g-2£ ft„ u{s, r, a;„, uo,n)), ■w(s, r, uJn,uo^n))ds 

= J ^y^'^'"‘^'^^'^^y{9sUj){f{x,u{s,T,uj,uo)),u{s,T,uj,uo))ds. (3.82) 

We now deal with the third term on the right-hand side of (|3.69l) . Note that 

/ in 

g-2£/t„ (^a + e{\y{9sUJn)\ + y{9sUJn)))\\v{s,T,UJn,Vo^n)\\‘^ds 

= l\-^^f:\y(^^^-^\'^^{a + e{\y{9su:n)\+y{9su:n))m^^ 

^-2eJ,Jy[e..r.)\dr //+ e(|y| + y(0,u;O)) 1^(5, T, c^n, T^o,n)f (3.83) 


+ e 


Since ojn^ oj and tn t, by (I3.34p and (|3.55p we get 

lim g-2£//„h(0r(^n)|dr ^ 

n^oo 

and 

pin 

lim / + e{\y{9sUJn)\ + yi9sU}n)))\\vis,T,uJn,vo,n)\\‘^ds = 0. 

n^ooj^ 

On the other hand, by Fatou’s Theorem and Lemma l3.II (i), we have 

liminf f e~‘^^ -|-£(|y(6'^u;n)|-F y(6»sWn)))||r^(s, r, Wo,n)|pds 

n^-oo 

> f liminf(e“^'^'^t {a + s{\y{9su;n)\ + y{9s^n)))\\vis,T,uJn,vo^n)\\'^)ds 

Jr 

> [ l^(^’■'^)l'^^(a-^e(|y(6»sw)|+y(6'sa;)))liminf ||^;(s,r,Wn,^’o,n)|prf'S• 

Jr 

Since v{s,T,uJn,vo^n) v{s,T,uj,vo) by (|3.71l) . we get from (|3.86l) that 

liminf f {a + £{\y{9sUJn)\ + y{9sUJn)))\\v{s,T,Un,vo^n)\\'^ds 

n^oo 

> j e~‘^‘'J't^y^^^‘^^^'^^{a + e{\y{9sU})\+y{9sU!)))\\v{s,T,u!,vo)\fds. 

It follows from (I3.83p - (l3.85p and (I3.87P that 

pin 

liminf / -h e(|y(6»sW„)| + y{9sUJn)))\\v{s,T,uJn,vo^n)\fds 

n^oo 


(3.84) 


(3.85) 


(3.86) 


(3.87) 
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(3.88) 




By similar arguments, we can also obtain 


liminf / + y(6'sa;„))||Vtt(s,r,Wn,tfo,n)|pd'S 

n^oo 

- +y(0,a;))||Vu(s,T,a;,uo)f (3.89) 

Now taking the limit superior of (|3.69p as n ^ oo, since (tfo,n) vo^n) {uo,vo) in H^(W^) x L^(M"’), 
by Lemma [311 m. (13351) . (I37m - (l332]) . (I3371) -(l3]l. ([31) and (13381) - (13391) . we get 

limsup {\\v{tn,T,UJn,Vo^ri)\\‘^ + A ||ti(tn, L , Mo,n) |P + || Vn(tn, T, CJn,'W 0 ,n) |P) 

n^oo 

< —2 / F{x,u{t,T,(jj,uo))dx 
Jr^ 

+ A||uof+ ||Vuof+ 2 / F{x,no)dx) 

JR" 

-2 1' e-2- ft \y(eru.)\dr^^ ^ ei\y{esu)\ + y(0,a;))) ||u(s, r, a;, uq) f ds 

-2eA J e~^^ft l^(®’'‘^)l''''(|y(6(^u;)| - y(6'sw))||tt(s,r,u;,no)|pds 

-2e //l^(^’■-)l''^(|y(0,a;)I - y(0,u;))IIVn(s, r, u;, uo) f ds 

-F2e J e~‘^^ft l^(®’'‘^^l‘^'’y(6»sw)(/(x,u(s,r,a;,'Uo)),rt(s,r,a;,'Uo))ds 

-4e re-2^i't“l^(®’'‘^)l‘^^2/(0,a;) [ F{x,u{s,T,uj,uo))dxds 
Jt JR" 


-2e^y e l^('^’''^)l'^^?/^(6(^u;)(n(s,r,a;,tio),u(s,T,a;,uo))ds 


(3.90) 


Note that the right-hand side of (|3.90l) is exactly the same as that of (13.681) . Thus we obtain 
limsup (||u(tn,T,a;n,'yO,n)||^ + X\\u(tn,T,Un,Uo^n)\\‘^ + \\Vu{tn, T, Un, Uo^n)\\‘^) 

n^oo 

< ||u(Lr,w,uo)||^ -F A||u(Lr,w,no)||^ + \\Vu{t,T,uj,uo)f. (3.91) 
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On the other hand, since the right-hand side of (13.911) is equivalent to the norm of {u, v) in H^{W^) x 
by (j3.70p - (j3.7ip we have 


liminf (\\v(tn,T,UJn,Vo^n)\\‘^ + X\\u{tn,T,UJn,Uo^n)\\‘^ + \\Vu(tn, T, UJn, Uo,n)\\'^) 

n^oo ^ ^ 

> \\v{t,T,uj,vo)f + X\\u{t,T,uj,uo)f + ||Vtt(t,r,a;,rio)||^. (3.92) 

It follows from (I3.9ip - (l3.92p that 

lim (\\v{tn,T,UJn,Vo,n)\\‘^ + X\\u{tn, T, UJn, Uo^n)\\‘^ + \\Vu{tn, T, UJn, Uo,n)\\‘^) 

n^oo ^ 

= \\v{t,T,UJ,Vo)f X\\u{t,T,UJ,Uo)f + \\Vu{t,T,UJ,Uo)f 
which along with (j3.70p - (l3.7ip implies 

{u(tn,T,UJn,Uo,n),vitn,T,UJn,Vo,n)) iu{t,T,UJ,Uo),v{t,T,UJ,Vo)) in X L‘^{W^) 

as desired. □ 


As an immediate consequence of Lemma 13.51 we get the following weak continuity of solutions 
of ()3.9p - ()3.1ip which is useful for proving the asymptotic compactness of solutions later. 

Lemma 3.6. Suppose (|3.4p - ()3.6p hold, r G M and w G 12. Let (u(-,T,u>,uo,n),v(-,T,Lu,vo,n)) be a 
solution of (|3.9p - (|3.11l) with initial data (uo,n;^'o,n) o,t initial time r. //(uo,n,'i'o,n) ^ 

(M”) X then system (j3.9p - (|3.1ip has a solution {u,v) = {u{-,t,uj,uq),v{-,t,uj,vq)) with 

initial condition {uq,vq) at initial time r such that, up to a subsequence, for all t>T, 


and 


u{t,T,ijj,uo^n) u{t,T,u!,uo) in 77^(M”") 
v{t,T,OJ,Vo,n) v{t,T,OJ,Vo) in L^(M"'). 


Proof. Given cj G 0, since 12 = |J 12^ by Lemma l3.11 we find that there exists m G N such that 

m=l _ 

u G 12^. Then the result follows from Lemma 13.51 (i) for tn = t and ojn= oj for all n G N. □ 


In the sequel, we write {U{t -b t,t,uj,uo), Z{t -|- t,t,uj,zq)) for the collection of all solutions of 
p.ll) - ()3.3l) at time 2 + r with initial condition (uq, zq) and initial time r; that is, 

{U(t + r, r, w, tto), Z{t + r, r, w, zq)) 

= {(u(2 + r, r, uj, uq), z{t + r, r, to, zq)) : {u, z) is a solution of (I3.ip - (|3.3n } . 

For the measurability of {U, Z), we have the following result. 
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Lemma 3.7. Suppose (13. 4p - (13.611 hold and r G M. Then the multivalued mapping 

is measurable with respect to .S(M+) x B{Q,) x x L^(R”')). 

Proof. We first show ■, ■)): M+ x x x L2(M’") ^ is 

weakly upper semicontinuous for every fixed m G N. Suppose tn ^ t with tn > 0, ojn ^ ^ with 
U}n,U} G itm, and (uo,n,^0,n) ^ (^^0, ^o) iu i?^(R"-) X . Let {u{t,T,U}n,Uo,n), zit,T,UJn, Zo,n)) be 

a solution of (I3.1ll - (|3.3p with initial condition (tio,n, zo^n) at r. By (|3.12ll . {u{t, r, iOn,uo^n),v{t, r, uJn,vo,n)) 
is a solution of (I3.9p - (|3.11ll with initial condition (no,n,^^o,n) at r, where 

v(t, T, UJn,Vo^n) = z{t, T, Un, 20,n) “ ey{9tUJn)u{t, T, UJn,Uo,n) and Uo,n = ^0,n “ Sy{6rUJn)uo^n- (3.93) 

Let vq = zq - ey{6rio)uQ. Since (uo,n,2o,n) (^^ 0 , 20 ) in x L'^{W^), we get {uo^n,vo,n) 

{uo,vo) in H^{W^) x L^(R"'). By Lemma [33] (i), we find that system (|3.9p - ()3.11ll has a solution 
{u{-,T,u,uo),v{-,T,uj,vo)) with initial data {uo,vo) at r such that, up to a subsequence, 

{u{tn, T, UJn, Uo,n), v{tn, T, UJn, Vo,n)) ^ {u{t, T, U, Uo),v{t, T, CJ, Uq)) (3.94) 

in //^(R”) X L^(R”'). By ()3.55p . ()3.93ll - ()3.94p and Lemma [3TT] fif. we obtain 

z{tn, r, OJn, Zo^n) ^ v{t, T, U), Uq) + Sy{0tUj)u(t, T, UJ, Uq) = z{t, T, UJ, Zq) (3.95) 

where the last equality follows from (|3.12ll . By (|3.94ll - (|3.95ll we have 

{u{tn, T, UJn, UQ^n), z{tn,T, UJn, 20,n)) ^ (w(t, T, UJ, Uq), z{t, T, UJ, Zq)) (3.96) 

in H^(MT)xL‘^(MT). Note that (I3.96P implies the weak upper semicontinuity of (f7(-, r, •, •), Z(-, r, •, •)): 
R+ X rim X H^{W^) X L^(R”) —)> and thus by Lemma 12.51 it is measurable as 

a multi-valued mapping from R+ x Qni x H^{MT) x L^(R"') to with respect to 

OO _ 

.B(R^) X B{Ptm) X B{H^{W^) X L^(R”)). Since 0 = |J and Qm is measurable by Lemma l3.11 

m=l 

we find that the mapping ■, ■), V (•, r, •, •)) from R+ x fl x ff^(R"') x L^(R"’) to 

is measurable with respect to i3(R''') x B{Q) x B{H^{M.'^) x L^(R”')). This completes the proof. □ 

Lemma 3.8. Suppose (13.411 - ()3.611 hold. Then for every t G R"*", r G R, w G 11 and {uo,vq) G 
X L^(R"'), the set {U{t -|- r, r, to, uq), Z{t + t, t, uj, zq)) is closed in ff^(R"') x L^(R”'). 
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Proof. Let {un,^n) £ {U{t + t,t,u},uo), Z{t + zq)) and (n, S) E x L^(M"') such that 

{un,Zn) iu,T). We will prove {u,T) E {U{t + T,T,u,uo),Z{t + t,t,uj,zo)). Since {un,Zn) E 
{U {t + T, r, w, uo), Z{t + T, T, oj, zo)), there exists («„(•, r, w, uq), 2n(-, r, ui, zq)) such that 

iUn,Zn) = {Un{t + T,T,UJ,Uo),Znit + T,T,U,Zo)). (3.97) 

By (I3.12P and (|3.97l) we have 

{Un, Zn) = {Un{t + T, T, W, Uq), Un(t + T, T, CJ, Uq) + Sy{6t+rUj)Un(t + T, T, U), Uq)) (3.98) 

with Vo = zo — sy{6rio)uo. For given uj, by Lemma [3.11 there exists m E N such that co E Om- 
Then applying Lemma [33] (i) to {uni-,T,uj,uo),Vn{-,T,co,vo)) with tn = t + t, ujn = oj, uo,n = uo 
and uo,n = we find that system (I3.9p - (|3.11l) has a solution (u(-, r,cu, uq), u(-, r, w, uq)) with initial 
condition {uo,vo) at initial time r such that, up to a subsequence, 

Un{t + T, T, UJ, Uq) u(t + T, T, CJ, Uq) in iL^(M”') 


and 

Vn(t + T,T,LJ,vo) ^ v{t,T,u,vo) in L^(M”'), 
which together with p.98p and ()3.12l) implies 

{un,Zn) ^ {u{t + T,T,UJ,Uo),z{t + T,T,uj,zo)) in 77^(M"") X (M"'). (3.99) 

Since {un,'zn) {u,T) strongly in x L^(M"'), by (I3.99P we get 

{U,Z) = {u{t + T,T,UJ,Uo),z{t + T,T,UJ,Zo)) E {U {t + T, T, UJ, Uq) , Z {t + T, T, UJ, Zq)) 


as desired. 


□ 


We are now ready to define a multi-valued non-autonomous random dynamical system for prob¬ 
lem (|3.ip - (|3.3|) . Let M"*" x E x fl x x L^(E”) —)• be a multi-valued mapping 

given by 

T, UJ, (uo, Zo)) = (U(t + T, T, 9-rUJ, Uo), Z {t + T, T, 6 -rUJ, Zo)) 

= {{u{t -|- r, T, 6-r^, Uq), z{t + T, T, ^o)) ^ (u, z) is a solutiou of (|3.ip - (l3.3p } (3.100) 

for every {t,T,uj, (uo,zo)) E E"*“ x E x 17 x i7^(E”) x L^(E”). 

Since 9-t- : 17 ^ 17 is measurable, by Lemma 13.71 we infer that for every r E E, <!>(•, r, •, •): 
E"*" X 17 X 77^(E") X L^(E"') —>■ is measurable. It is clear that d> satisfies (ii) and 

(iii) of Definition 12.41 Therefore, by Lemma 13.81 is a multivalued non-autonomous cocycle in 
77^(E"') X L^(E"). In addition, by Lemma 13.51 (ii) we find the following upper semicontinuity of 
which is needed for construction of random attractors. 
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Lemma 3.9. Suppose (13.41) - (13.611 hold. Then for every t G M'*', r G M and a; G 0, the mapping 
H^{W^) X —)• is upper semicontinuous. 

Proof. This follows directly from Lemma 13.51 ('iii and Lemma l2.II □ 

By ()3.12p we have 

z{t + r, r, 6 -rUJ, zq) = v{t + r, r, 9-rUJ, uq) + ey{6tOj)u{t + r, r, 6 -rUJ, uq) (3.101) 

with Vo = Zq — sy{uj)uo. It is worth noticing that for each t G M+, r G M and a; G 11, 

^{t,T - (no,2o)) 

= {{u{t, t — t, 9-rOJ, uo),z{t, t — t, Zq)) : {u, z) is a solution of (|3.1I) - (I3.3I) } 

= t — t, 9 -tLO, uo), v(t, t — t, B-tLu, Vo) + £y(cj)u(T,T — t, O-T-u, uo)) : {u, v) is a solution of (I3.9l) - (l3.11ll l . 

(3.102) 


In the rest of the paper, we will investigate the pullback asymptotic behavior of <I>. From now 
on, we fix a small positive number 5 such that 


a — 5 > 0, A + 5^ — q;(5 > 0, 


(3.103) 


and put 


0 - = mm<; -, 


6 a — 6 6 c 2 


where C 2 is the positive constant in (|3.5p . From now on, we assume g satisfies 

ro 


/ 


e2^+2°' llg(s + T, ■)lfds < oo, for all r G M, 


(3.104) 


(3.105) 


where 7 is the number in (13.41) . 

As usual, for a bounded nonempty subset B of i/^(R"') x L^(M”'), the distance between B and 

the origin is written as ||il|| = sup ||<^||_ffi(R»i)xL 2 (]Kn). In the next section, we will prove <I> has a 

rfieB 

'D-pullback random attractor where V = {B = {£>(t,uj) : r G M,a; G H}} is the collection of all 
families of bounded nonempty subsets of Ff^(M”') x L^(M”') such that for every r G M and w G H, 


lim e-'""||L>(T - s,0_,a;)p+^ = 0. 

S^CO 
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4 Asymptotic compactness of solutions 


In this section, we derive uniform estimates of system (I3.9p - (l3.1ip and establish the pullback asymp¬ 
totic compactness of solutions. We first provide the uniform estimates in x 

Lemma 4.1. Assume that ()3.4p - ()3.6p and ()3.105p hold. Let r € M, w € and D = {D{t,u!) : r € 
M, cj E n} G P. Then there exist eg = /) ^ (0,1) and T = D) >0 such that for all 

e G {0,eo], t >T and s E [—1,0], the solution (u,v) of problem (I3.9ll - (l3.1ip satisfies 


+ 




' T — t 


\\u{t + s,t - t,9-rUj,uo)\\Hi(^u) + ||u(r-|- s,r - t , uo)|p 
+ \\u{t + s,t- 

(||^(^^^ _ t,e_,co,uo)\\j,r + ||u(e,r - t, uq) f) d^ 


where {uq, zq) E D{t — t, 6-tUj) and vq = zq — ey{u)uo, M and c are positive constants independent 
ofr, oj, D and e, and R{t,-) is a random variable. 


Proof. This lemma can be proved by energy equation p3.13p . The details are quite similar to the 
proof Lemma 4.2 in [3B] with minor changes, and hence are omitted here. □ 


The next estimate is an improvement of Lemma 4.3 in [46] on the tails of solutions outside a 
bounded domains when time is sufficiently large. 


Lemma 4.2. Assume that p.411 - ^3.6p and (I3.105P hold. Let ?7>0 , tEM, wEfl and D = 
{D{t, w) : t E M, w E P} E P. Then there exist eq = eo(«) /) £ (Oj 1); T = T(r, uj, D,t]) >0 and 

K = K{t,uj, 7 ]) > 1 such that for all £ G {0,£o], t >T and s G [—t, 0], the solution {u, v) of problem 
(I3.9p - (l3.1ip satisfies 


'\x\>K 


(|u(t + s,t — t, 9-rOv, 'Uo)|^ + |Vu(r -|- s, r — t, 9-rUJ, uo)P + \v{t + s,t — t, 9 -t-oj, uo)P) dx 


where {uq, zq) G D{t — t, 9-tUj) and vq = zq — £y{uj)uQ. 
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Proof. Let p be the smooth cut-off function given by (13.411) . Taking the inner product of (13.101) 
with p ^ ™ by (I3.4n - (I3.6I) and (j3.9l) . after some calculations, we obtain the following 

inequality (see Lemma 4.3 in |46] for more details). 

^ J P (1^1^ -h (A -h (5^ - -h |Vttp 2F{x, u)) dx 

+ {2a - ec — sc\y{6tuj)\'^) j p (bP -|- (A -|- (5^ - a5)\u\‘^ + |Vttp -I- 2F{x, u)) dx 

^ I (IIV'^IP + ll^f) +c^ |>fc^ (^) 

-|-ec(l-t-|y(6»ta;)p) / p 0-^') + \4)2\ + \h\)dx. (4.1) 

I x| \ / 

By (j4.1l) . for every p > 0, there exists Ki = Ki{p) > 1 such that for all k > Ki, 


^ j P (1^1^ -h (A (5^ - a5)|tip -k |Vup 2F{x, u)) dx 

+ i2a - sc - sc\y{9tu;)\‘^) J p (bP -|- (A -|- <5^ - ad)\u\‘^ + |Vup -|- 2F{x, u)) dx 

<p{l + ||Vu||^ -k ||u||^) +ep{l + \y{etuj)\‘^) + c f \g{t,x)\‘^dx. 

J\x\>k 


(4.2) 


Multiplying (14.21) by £c\y{eruj)p)dr then integrating on (r — t,r -|- s) with t > 0 and 

s G [—t, 0], we get for all k> Ki, 

J (|u(r -I- s,r - t,a;,uo)|^ -I- (A -I-(5^ - aJ)|u(r -I- s,T - t,w,uo)P) dx 

+ J d (|Vu(t-I- s,r — tjCJjUo)!^-I-2F(x,u(r-I-s,T - t,u;,uo))) dx 

< j:-:i2a-ec-£c\yi9ru.)\^)dr ^ ^ (|xo(x)|2 + (A + - ad)|uo(x)|2) dx 

^j:-:{ 2 a-ec-ec\yieru.)\^)dr J ^ (|Vuo(x)|2 + 2F(x,no(x))) dx 

+p / (l||VM(^,r - t,a;,uo)|P-I-||x(C,r - t,a;,xo)|p) d^ 

J T — t 

/•T + S c 

+ep / j^+^{2a-ec-ec\y(eru.)\ )dr ^ \y{e^cj)\^) d^ 

J T — t 
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+ C r ' f x)\2dxd^ 

Jr—t J\x\>k 

Replacing u by O^-j-uj in (j4.3p we get, for alH > 0, s E [—t, 0] and k > Ki, 

j ^ 

+ J p {\Vu{t + S,T -t,9_r(^,Uo)f + 2 F{x,u{t + S,T -t,9-rU!,Uo))) dx 


(4.3) 


< g/J+s (2o—£c-£c|j/(6»^_^a;)|2)dr 


/ 


p / (l^^o(a;)|^ + (A + (5^ - Q!5)|tio(x)p) dx 
^j:;:i 2 ^-ec-ec\y(e^.Mndr J ^ (|Vno(x)|2 + 2F(x,Uo(x))) dx 

+p / g/.+.(2—ec|y(0.-.<.)| )dr ^ ||v^(^,r - t,9.rCO,uo)f + ||n(C,T - f, Xq) f) d( 

J r—t 

PT-\-S c 

+ep / e/.+.(2-sc-£c|j/(0._..;)| )dr ^ \y[e^_,Uj)\^) d^ 

J T — t 

Jr—t J\x\>k 

< ^!:\2a-ec-ec\y(dru.)\^)dr f ^ f\^\ (|^Q(a;)|2 + + ^2 _ a5)|^Q(^)|2) ^x 

Jk" \k^ j 

^jr"{2a-ec-ec\yie.u.r)dr p (| Vuo(x) + 2F(x, Wq( x))) dx 

PT-\-S c 

+p / ^fr+sC^^-^^^-^^lyi^r-rUj)] ( 11 V^x(|, T - t, W, Uq) 11 ^ + 11X(^, T - t, ^-rW, Xq) |^) 

J T — t 

+ (1 + e)p y" e/^( 2 a-£c-£c|y( 0 .a;)| 2 )dr ^ |y(0^u;)|2) 

+C r e/.^(2—^c-£c|y(0,a;)|2)dr- f ^ x)fdxdC 

J—t J |fc|>fc 

< Ce/»-‘( 2 -.-sc-£%(e.<.)P)d. f /||^^||2 ^ ^ ||uo|i:^t') dx 

JR" ^ 2 

+p g/.^.(2<x-.c-£c|,(0._..)P)j. (||Vn(C,r - f,d-.u;,no)f + ||x(C,t - f, xo)f) d^ 

J T — t 

+(1 + e)p r g/f (1 + \y{9^uj)\^) di 

J —OO 
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+c r f \g{^ + T,x)\^dxd^ 

J—oo J\x\>k 

< \\D{t - t, 0_tU;)P+^) 

+V I ^ e/^+^(2.-.c-sc|,(0_a.)| )'i-(||Vn(e,T-t,0_.u;,uo)f+ ||z;(C,r-t,0_.a;,7;o)|p)d^ 

+ (1 + e)j,ei'°(2-T-£c-£c|y(e,<^)|2)dr /■“ g/«(2a-£c-£c|y(0,o.)|2)dr ^ \y{e^u)\^) d^ 

J —CO 

+ Ce^°(2<7-ec-£c|j/(0.o.)|2)dr g/«(2a-£c-£c|y(0,.;)|2)dr- f \g(^ + r, x)\‘^dxd^ 

J—OO J\x\>k 


f T — t 


Note that 


1 


1 


lim J I \y{erU})\'^dr = E{y‘^) = ^ 
t^oo t J_i la 


Therefore, there exists T = T[oj) > 0 such that for all t >T, 


\y{erUi)fdr < -. 


’-t 


a 


Let ei = 


Then by (14. 5 1) we get, for all s G (0, ei) and t >T, 


g/o (2o--£C-ec|y(era;)|2)(ir ^ g-o"*^ 


Since T> G P, by (I4.6p we have for all e G (0, ei), 

lim g/o'‘( 2 <x-£C-£c|y( 0 ,o.)| 2 )dr(^ ^ = 0. 

t^OO 

By (14.61) and (13.1051) we find 


and 


r Ji{2a-ec-ec\yi8,u)\^)dr f \g(^^ + r, x)f dxd^ < QO, 

J-oo JR" 

r g/o^( 2 <x-£c-£c|y( 0 ,<^)| 2 )dr ^ |y(%a;)| 2 ) d^ < OO. 

J —oo 


Notice that (14.81) implies 


'\x\>k 


(4.4) 


(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 


lim r g/o^(2— £c-ec|y(0..;)|2)dr ^ \g{^ + T,x)\‘^dxd^ = 0 (4.10) 

^^°°J—oo J\x\>k 


By (14.41) . (|4.7I) . (I4.9D - (|4.10I) and Lemma ITTl we infer that there exist K 2 > Ki and Ti > T such 
that for all t > Ti, s G [—t,0], e G (0,ei), and k> Ki, 

J [\v{t + S,T - t,6_r^,VQ)\^ + {\ + 5"^ - a5)\u{T + S,T - t,9_T-(jJ,UQ)\^) dx 
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+ 


J [\Vu{t + S,T -t,9-rUJ,UQ)\^ + 2 F{x,u{t + S,T -t,9-rUJ,Uo))) dx 

< Car? + (4.11) 


Note that p 


_ 


= 1 for |x| > V^k, which together with (13.6p and (|4.1ip completes the proof. □ 


Next, we prove the asymptotic compactness of solutions of (I3.9l) - (|3.1ip by the energy equation 
P3.13p . To this end, we set for {u,v) E x 


u) = ||u|p + (A + (5^ — a(5)||u|p + ||Vrt|p + 2 / F{x,u)dx. 


By (I3.13P we get 


dE 

— + (4(7 - 2e\y{9tUj)\)E{u,v) = G{u,v), 


(4.12) 


(4.13) 


where G{u, v) is give by 

G{u{t,T,ui,uo),v{t,T,uj,vo)) = -2{a-6 -2a + e{\y{9tu})\ + y{9tio))) ||u|p 

-2(A + 5^ - a5){5 -2a + e{\y{9tix)\ - y{9tix)))\\u\\‘^ 

-2{6 -2a + £{\y{9tix)\ - y{9tUj)))\\Vuf + 2{g, v) 

-2e{£y{9tu;) - 25)y{9tU}){u, v) + 2{£y{9tU}) - S){f{x, u),u) 

+4(2(7 - e|y(6'ta;)|) / F{x,u)dx. 


(4.14) 


Multiplying (|4.13l) by e-^oN'^ 2 e\y(9ruj}\)dr then solving for E{u,v), we obtain, for r E M, t > r 
and uj G Q, 

E{u{t, T, (U, Uo),v{t, T, (U, Vo)) = eft Gtr-2e\y{0rU.)\)dr 

+ J w,uo),u(s,T,a;,uo))ds. (4-15) 

Lemma 4.3. Assume that (|3.4p - (|3.6l) and (|3.105l) hold. Then there exists £o = £o{a,X,f) E (0,1) 
such that for all e E (OjEo]? t E M and u G kl, the sequence 


{{u{t,T - tn,9_r^tJ,Uo,n),v{T,T - 6»_^a;, Uo,n))}^i 

of solutions of (I3.9p - (|3.11l) has a convergent subsequence in H ^(M"") X L^(M”') if tn ^ oo and 
{uo,n, Zo,n) G D{t - tn, 9-t^U)) with D G V and Vo,n = ZQ^n - ey{ijj)uo^n- 
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Proof. By Lemma 14.11 with s = 0 we find that there exists ei E (0,1) such that for every e E 
(0, ei], the sequence — tn, O-rOO, UQ^n),v{T,T — tn, 0-rio, uo,n)) is bounded in H^{W^) x L‘^{W^). 

Therefore, there exist {u,v) E H^{W^) x and a subsequence (not relabeled) such that 


{u{t,T - tn,0-rUJ,Uo^n),v{T,T - tn, 0-rUJ, VQ^n)) ^ {u,v) in X 

which implies 

liminf \\{u{t,T - tn,9-rOJ,UQ^n),v{T,T - tn,9-rUJ,VQ^n))\\m^L^ > || (u, u) || x l2 ■ 

n^oo 

The proof will be completed if we can show 


(4.16) 


(4.17) 


limsup ||(u(T,r - tn,6'-rW,tt0,n),t’(T,r - tn,6'-rW,'l'0,n))||//lxL2 < II (^^^ ^) II xL2 , ( 4 . 18 ) 

n—)-co 

because (I4.16p - ()4.18p yield the strong convergence of {u{T,T — tn,9-rUJ,uo^n),v{T,T — tn,9-rUJ,vo^n)) 
in 77^ (M”) X L^PR”"). Next, we prove (I4.18P by the energy equation (j3|). By Lemma ITTl there exist 
62 E ( 0 , 6 i) and Ni = Ni{t,uj, D) > 1 such that for all 6 E (0,62], n > Ni and s E [—tn,0], 


\\u{t + S,T - tn,6'-TW,Uo,n)|lHl(Rn) + ||u(t + S,r - 'y0,n) |P 

+ ||u(r + S, r - tn, 9-rUJ, Uo,n)|liit'ii(Rn) 

< Cl + (4.19) 

Let m be a positive integer and N2 = N2 {t,uj, D,m) > Ni such that tn > rn for all n > N2. By 
(I4.19P we have, for n> N2, 


\\u{t -m,T - tn,9_r^,Uo^n)\\Hl(^n) + \\v{t -m,T - ^-rW, Uo,n)|P 

+ ||u(r -m,T - tn,9-rUJ,Uo^n)\\lt+l(Wn) 

< Cl + (4,20) 

Thus, for every fixed m, the sequence {(u(r — m,T — tn, 9-rOJ, uo^n),viT — m,T — tn, 9-rOJ, uo,n))}^i 
is bounded in 77^ (R*^) x L^PR*^), and hence, by a diagonal process we infer that there exist a 
subsequence (not relabeled) and {um,Vm) £ 77^(R"’) x L^PR"’) for every m E N such that, as 
n —>■ 00 , 

{u{t -m,T- tn, 9_r^, UQ^n),v{T - m,T - tn, 9_r(.^, Uo,n)) ^ {Um,Vm) (4.21) 

in 77^ (R”) X L^PR”). Note that for s E [—m, 0], 


(u(t + S,T -tn, 9-rUJ, Uo,n),v(T + S, T - tn, 9_rUJ, Vo,n)) 
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= {u{t + S, T — m, 9-rU}, u{T — m, T — t^, 0-tW, tio,n)), ^’('r + S, T — m, 6-rUJ, v{T — m, T — tn, 0-tW, 'yO,n)))- 

(4.22) 

By (I4.22P and Lemma [3^ we find that, for every m G N, there exist a subsequence (tnG ^o,n')'i’o,n') 
and a solution — m,6-rUJ,Um),Vmi-,T — m,9-rOJ,Vm)) of (I3.9p - ()3.1ip with initial condition 

(um-Vm) such that for all s G [—m,0], when n' —>■ oo, 

u(t + s,t — tn',0-ru:, UQy) Um,{T + s, T — m, 6-t-oj, Um) in 


and 


v{t + S,T - tn' ^ Vm{T + S ,T - m,9-rUJ ,Vm) m 


Note that this subsequence {in',uo,n',vo^n') may depend on m. However, by an appropriate diagonal 
process, we can choose a common subsequence (which is denoted again by {tn,uo^n, '^’o,n)) such that 
for all m G N and s G [—m, 0], when n oo. 


and 


i(r + S,T - m,9-rU},Uni) in H^(R"'), 

(4.23) 

i(t + s,r - m,9-rOJ,Vrn) in L^(R”'). 

(4.24) 

= 0 we get 


and V = Vm{T,T — m,9-T-^,Vm)- 

(4.25) 


For (u(r, T — m, 9-rUJ, u{t — m,T — tn, 9-rOJ, Uo^n)),viT, T — m, 9-rOJ, v{t — m,T — tn, 9-rOJ, Vo^n))) 
with initial condition (rt(r — m,T — tn, 0-rW, UQ,n),v{T — m,T — tn, 0-rW, uo,n)), by (I4.22p and the 
energy equation Q we get 

E{u{t, T -tn, 9-rUJ, Uo,n),v{T, T - tn, 9-rUJ, Vo,n)) 

= i.^^-My{er-rUi)\)drQ-rOJ, UQ^n),v{T -m,T - tn, 9-rOJ, Uo,n)) 

+ f e^-r T — m, 9-rOJ, u{t — m,T — tn, 0-rW, Uo^n)),v)ds 

J T—m 

= e-^ 0_^u, Uo,n),v{T -m,T - tn, 9-rOJ, Uo,n)) 

s 

+ / e-^O + T, T - tn, 9-rUJ, Uo^n),v{s + T,T - tn, 9-rUJ, Vo^n))ds 

J—m 

which along with ([3]) produces 


E{u{t, T -tn, 9-rUJ, Uo^n),v{T, T - tn, 9-rUJ, Uo,n)) 
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= g/o 2ely(drUj)l)dr^^^^^ _ 0_^u, Uo,n), - m,T - tn, 6-rU}, VQ^n)) 

-2 f e^o {4:CT-2s\y{erUj)\)dr ("q, _ j _ 2^^ + e{\y{9sUi)\ + y{6sUj))) ||?;(s + r, r - vo,n)\\'^ds 

J —m 

-2(A + 6^ - a6) [ e^o {^<^-‘ie\y{erUj)\)dr-2a + e(|y( 6 'sa;)| - y{9sUi)))\\u{s + r, r - tn, ^-rW, tto,n)||^ 

J —m 

-2 f (S - 2a + e{\y{9sUj)\ - y{9sUj)))\\Vu{s + t,t - tn,9-rUJ,uo,n)\\'^ds 

J —m 

+2 r efo(^-^^\y(<^ru.)\)<i^g{s + t),v{s + T,r -tn,9.rUJ,V0,n))ds 

J —m 

-2£ f e^O _ 25)y{9sUj){u{s + T,T - tn, 9_rOJ, Uo^n),v)ds 

J —m 

rO ^ 

+2 / {ey{9sU}) — 6){f{x,u{s + t)),u{s + T))ds 

J —m 

+ 4 / e-^O ('^°'“2e|y(6lra;)|)dr^2cr - e|y(0sa;)|) / F{x,u{s+ T,T -tn,9_r^^,UQ^n))dxds. (4.26) 

J—m jK" 

By (|4.5D there exists Mi = Mi{uj) > 1 such that for all m > Mi 

/■O 2 

/ |y(0rw)|dr < —m, 

J —m ® 

and thus for e G (0, ^acr) we get 

p—m 

/ (4cr — 2e|?/(0r<^)|)c??’ < —Sam. (4.27) 

Jo 

By (14.1211 and (|4.27l) we have for m > Mi and tn > m, 

g/o (^'^-‘^^\y(.yrUj)\)dr_.rn,T- tn, 9-rU, Uo,n),v{T - m,T - tn, 9-rU, VQ^n)) 


< e 


—3am 


\v{t -m,T - tn,9-rU},V0^n)\\‘^ + (A + 5^ - a6)\\u{T -m,T - tn,9-rUJ,U0,n 
+e"^'^™||Vti(r -m,T - ^-rW, uo,n)|P 

+ 2e/o'"‘(4'^-2dy(0rO.)|)dr f -m,T- tn, 9-rOy, UQ^n))dx. 

By p.4p - ()3.5p and ()4.20p we get for all n > N 2 , 

/ F{x,u{t — m,T — tn,9-rUJ,Uo^n))dx 
JR" 

< C 3 (\\u{t -m,T - tn,9-rUJ,UQ^n)\[^ + \\u{t - m,T - tn, tt 0 ,n)H^l+i + l) 


(4.28) 
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(4.29) 


<Ca + < C 4 + 

By (I4.20p and ()4.27I) - (I4.29I1 we get for all m > Mi and n > N 2 , 

g/o (4c^-2£|y(0ra;)|)dr^^^^^ _ Q-rUJ, Uo,n)-,v{T - m,T - tn, 0-rUJ, Vo,n)) 

< C5e-^^^{1 + < 20^6-^^. (4.30) 

Note that a — 6 — 2(t + e(|y( 6 *sa;)| + y{9s0j) is nonnegative for all s G M by (I3.103P and p3.104p . 
Therefore, by (|4.24l) and Fatou’s Theorem we obtain the following inequality for the second term 
on the right-hand side of (|4.26l) : 

liminf [ e^o ( 4 < 7 - 2 £|t/( 0 ,a;)|)dr (-Q, _ J _ 2 o- + e(|y( 6 »sa;)| -b y{9s0j))) ||t’(s + r, r - t^, 9-ri^, vo,n)\\'^ds 
n^oo J_^ 

> f e^O (4o-2£|j/(6»,a;)|)dr ^ _ 2(j + £{\y{9s0j)\ + y{9sUj))) lim inf ||n(s + T,T- tn, 9-rUJ, Vo,n)\fds 

J-m 

> f (a - 6 - 2a + £{\y{9sUi)\ +y{9sUj))) \\vm{s + t,t - m,9_r^^,Vm)\\‘^ds. 

J —m 

(4.31) 

Similarly, we can also prove 

liminf [ g/o - 2 o- -b e{\y{9sio)\ - y{9sUi)))\\u{s + t,t - 6 »_^a;, no,n)||^ 

>^^00 J-rn 

> f e/o(4--2dy(^^^-)l)'^-(5_2a + £(|y(0,a;)| -y(0,u;)))||n^(s + r,T-m,0_.a;,S™)f (4.32) 

J —m 

and 

liminf [ g/o - 2a + £{\y{9sUi)\ - y{9sUj)))\\Vu{s + t,t - tn,9-rUJ,uo^n)f 

J-rn 

> f e^o(^^-^^\y(^-‘^^\')^^{5-2a + £{\y{9sUj)\-y{9sUj)))\\Vum{s + T,T-m,9_rUJ,Um)f- (4.33) 

J—m 

We now deal with the nonlinear terms in (14.261) . for which we first prove the following convergence 
in L^(R”'): for every s G [—m, 0], 

lim u{t + S,T — tn, 9 -riO,U 0 n) = Um{T + S,T — m,9-rUJ,Um) L‘^0^^)- (4.34) 

n^oo ’ 

Given 77 > 0, by Lemma we find that there exist 63 G ( 0 , 62 ), -N 3 = N 3 {t,uj, D,r],m) > 1 and 
K = K{T,oj,ri,m) > 1 such that for all e G ( 0 , 63 ), s G [—m, 0] and n > N 3 , 


'\x\>K 


|u(s -b r, r - tn, 0-rW, Uo,n)\'^dx < T]. 


(4.35) 
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Thus (14.341) follows from (14.231) and the compact embedding L?' in bounded domains. By 

(j3.4l) - (13.5j) . (j4.19j) . (I4.34h and the arguments of ([3|) and ([3]) we obtain 

lim [ e-^o — e|y(0sa;)|) [ F{x,u{s + t,t — tn,0-rOJ,uo n))dxds 

J-m JK- 

= f e-^O (^°'“2£|3/(6»ri^)|)dr^2cr — e|y(0sa;)|) f F{x,Um{s + T,T — m,0-rUJ,Um))dxds (4.36) 
J-m JR" 


and 


lim f eJo(^^ - d)(f(x,u(s + t)),u(s + T,T - tn,0-rU;,Uo,n))ds 

n^ooJ_^ 

= f - 6){f{x,Umis+ T)),Um{s+ T,T - m,9-rOJ,Um))ds. (4.37) 

J—m 

By (|4.19ll . (14.3411 and the Lebesgue dominated convergence theorem, we also obtain 

lim r + t),v{s +r,T -tn,e-rUJ,V0,n))ds 

= [ eJo^^^-‘^^\y^^-'^'^\')^'^{g{s + T),Vrn{s + T,T-m,e_riX,Vrn))ds 

J—m 


(4.38) 


and 

lim / eJo _ 26)y{9sU!){u{s + r, r - tn, 9-rUJ, uo^n),v)ds 

= f {£y{9sUj) - 26)y{9s0j){Um{s + T,T - m,9_ri^,Um,Vm)ds. 

J —m 

It follows from (I4.26p . (l4.31D - (l4.33p and (Hll- (l4.39p that for all m > Mi, 

limsup£;(tt(r,r - tn,9_rUJ,Uo^n),v{T,T - tn,9_rUJ,Vo^n)) 


(4.39) 


< 2 C 2 e -^”^-2 


! f eloi^'^ {a-d-2a + £{\y{9sUj)\+y{9sUj)))\\vm{s+T,T-m,9-rOJ,Vm)\\‘^ds 

J —m 

-2(A + 5^ - ad) f eJo (4<T-2ely(0rUj)l)dr^^ -2a + £{\y{9su) \ - y{9sU)))\\Um{s + T,T-m, 9_rX!, Sm)|p 

J —m 

-2 f eJo {4<T-2s\y{erUj)\)dr- 2a + £{\y{9sUj)\ - y{9sUj)))\\Vujn{s + t,t -m, 6»_^a;, Um)\\‘^ds 
J —m 

+2 [ + T),Vm{s + T,T - m,9_r^X,Vm))ds 
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-2e f e-^o - 26)y{9su;){um{s + t,t -m, 6-rUi, Um),Vm)ds 

J —m 

+2 f e-^O Um{s + T)),Um{s + T,T - 171, Um))ds 

J —m 

+ 4 r e/o(4'^-2el3/('?’-‘^)l)rf^(2(T-e|?/(0,a;)|) / F{x,Um{s + t,t - m,9_rUJ,dm))dxds. (4.40) 
J-m 4 R" 

On the other hand, by Q and (|4.25l) we have 

E{u, v) = E{Um{T, T-m, 9-rU}, Um),Vm{T, T - 171, Vm)) 

-2 f e-/o("^'^- 2 e| 3 /(f?,a;)|)dr _ J _ 2 (j + e(|y(6»sa;)| + y{9sU}))) ||i;m(s + r,r - 

J —m 

-2(A + 5^ - aJ) f (4<7-2£|y(0ri^)|)<i?'^^ - 2ct + e(|y(6'sa;)| - y{9sU!)))\\um{s + T,T-m, 9_r0J, Um)\\^ 
J —m 

-2 f e-/o (4o-2£|j/((?,a;)|)dr^^ - 2fT + e{\y{9sUj)\ - y{9s0j)))\\VUm{s + T,T -m, 9_r^^, Um)\\‘^ds 
J —m 

+ 2 f + T),Vmis + T,T - m,9_r^^,Vm))ds 

J —m 

rO 

-2e / e'^o _ 26)y{9sU}){Um{s + T,T -m, 9_rOJ, Um),Vm)ds 

J —m 

S 

+2 / e-^0 - 6){f{x, Um{s + r)), 'Um(s + r, r - m, 6»_^a;, Um))ds 

J —m 

+ 4:f - e\y{9sU!)\) f E{x,Ujn{s + t,t - m,9_r0J,Ujn))dxds. (4.41) 

J-m Jr" 

By (|4.40I1 - (I4.41I) . (14.121) . p.6l) and (|4.27p we get for all m > Mi, 

limsup£((tt(r,r - tn,9_rOJ,UQ^n),v{T,T - tn,9_rOJ,VQ^n)) 

n^oo 

< 2026 -^^ - + E{u,v) 

< 2026 -'"™ - 2ei'o'™(4 —f F{x, Um)dx + E{u, v) 

Jrx 

< 2026 -'"™ + 26/o'"‘(4-2d?/(e.-)l)-ir-||^3||^^^^^^ 

< 2026-'"™ + 26-3'"™||03||^i(r„) + E{d,E). (4.42) 
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By (14.3411 with s = 0 and the arguments of (I3.77P we infer that 

lim / F{x,u{t,T — tn,0-T^,Uo^n))dx = / F{x,UmiT,T — m,9-r‘X,Um)dx 
n^oo J^n ’ J^n 

which together with (14.251) yields 

lim / F{x,u{t,t — tn,0-rUJ,uo^n))dx = / F{x,u)dx. (4.43) 

n^oo ’ J^ri 

By (I4.12D and (|^- (|4.43p we get 

lim SUp{\\v{T,T-tn,O-rUJ,Vo^ri)f + {>^+d‘^-a6)\\u{T,T-tn,0-rU},Uo^ri)f + \\'^u{T,T-tn,9_rUJ,O,n)\\‘^) 

n^oo 

< ||uf + (A + <5^ - aS)M^ + livsf + 2^26-"”^ + 2e-^^^Us\\LHR^y (4.44) 

Taking the limit of (|4.44p as m —>■ oo we get 

lim SUp{\\v{T,T-tn,9-rUJ,Vo^n)f + {>^+d‘^-a6)\\u{T,T-tn,9-rU},Uo^n)f + \\'^u{T,T-tn,9_r‘X,0,n)\\‘^) 

n^oo 

< ||Tf + (A + (5^ - a5)\\uf + ||V5f. (4.45) 

Note that (||r;|p + (A + <5^ — Q;(5)||rt|p + ||Vtt|p) ^ is an equivalent norm for {u,v) € 77^(M"’) x 
L^(M"'). Therefore, from ()4.45p we obtain 

limsup(IIrt(r, r-tn,6»_^a;,'Uo,n)nil + ||t’(T, r - 6»_^a;, uo,„)|p) < ||S||ii + ||T|p. 


This yields ()4.18p and thus completes the proof. 


□ 


5 Random attractors for wave equations 

This section is devoted to existence and uniqueness of P-pullback attractors for system (|3.1l) - (l3.3p . 
We first recall the existence of P-pullback absorbing sets from |46j . 

Lemma 5.1. Under conditions (I3.4p - (j3.6p and (j3.105p . there exists Eq = eo{a,X,f) € (0,1) such 
that for alls G (0, eo]; ihe multivalued non-autonomous cocycle has a closed V-pullback absorbing 
set K G V: 

K{t,uj) = {iu,z) G X L\R^) : ||n||ii(Kn) + ||^||^ < L{t,cj)} (5.1) 

for T G M and uj G Q, where L{t,uj) is given by 

L{t,u,) = M{l + ey^{oj)) (l + j" g/o (2——(i + \\g(s + r, ■)\f + e\y{9sUj)\^) ds^ 

(5.2) 

with M and c being positive constants independent of r, ui, D and e. 
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Proof. This lemma can be derived from (|3.13l) and the details can be found in |46] . □ 

Lemma 5.2. Suppose (13.41) - (j3.6p and (13.105^ hold and K is the closed T>-pullback absorbing set 
given by dSlD-dOl). Then there exists Eq = eo{a,X,f) G (0,1) such that for all e G (0,eo], the 
mapping $(1, r, •, •)) : 0 .^ —)• is weakly upper semicontinuous for a// m G N, t G M"*" 

and T G M. 


Proof. Let Un ^ co in and {un, Zn) G $(1, r, u!n,K{T, ujn))- We need to hnd (n, T) G 4>(f, r, uj,K{t, uj)) 
such that, up to a subsequence. 


idn,Tn) (S,J) in x 


(5.3) 


Since (un,Zn) G <h(t, r,a;„, it'(r,a;„)), for every n G N, there exist (uo,n,'Zo,n) £ K{T,LJn) and 
(u„(-, r, uo,n))-2n(‘) "T") •2o,n)) with initial condition (uo,n)-2o,n) at r such that 

{Un, Zn) = (Unit + T, T, M0,n), 5;n(t + T, T, 9-rtVn, Zo,n))- (5.4) 

By (13.1011) we have 

Zn (L 9—rVJm ZQ^n) — '^n (fi 9—T^ni 'f^0,n) T ^ijidt—T^nf'^n (fi d—r^nj '^0,n) (^•^) 

with 

V 0 ,n = ZQ^n - £y(uJn)uo^n- (5.6) 

Since (uo,n,zo,n) G K{T,uin), by (I5.1h - (l5.2p we get for all n G N, 

II Il2 II ||2 

||'ao,n||//l T ||^0,n|| 

<M{l+ey^icOn))(^l + f (l + ||^(s + r, Of + (5.7) 

Since ojn G Ptm, by ()3.14p we find that for all n G N and s < —m, 

fO g 

/ \y{9ru;n)\'^dr < -. 

J S ^ 

Let £i = By (|5.8p and (j3.15p we get for all e G (0,ei), n G N and s < —m, 

^J^i2a-ec-ec\yieru;n)\^)dr < ^< 7 . \y{9si0n)\‘^ < + Cl. 

By (15.91) . Lemma l3.II fil and the dominated convergence theorem we obtain 

p—m 

hm / e/o(2-«l?^(®--")l^)'^-(l + ||g(s + r,-)f+ e|y(0sa;n)nds 

r)_ ' 


(5.8) 


(5.9) 
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— HL 

J^{2a-ec-ec\y{e.u.)\^)dr ^ ^ .)||2 ^ e|y(0^^)|2) 

-CXD 

which along with Lemma 13.11 (i) again implies 
/■O 

lim / ei'o (1 + \\g{s + r, Of + e|2/(0sWn)|f ds 

n—>-oo / ^ 

«/ —CO 

J —CO 

By (|5.10p and Lemma 13.11 (i), we get from (j5.7l) 


(5.10) 


lim sup(||rto,n 11^1 + lfo,i 


<M(l+ef (w)) (^1 + y” + + +e|y(Mn'^s) ■ (5-11) 

This indicates the sequence {(uo,n) •2;o,n)}^i is bounded in x L^(]R"’) and hence there exists 

{uo,zo) G X L^(R"') such that, up to a subsequence, 

{uo,n,zo,n) ^ {uo,zo) in H\R^)xL\R^). (5.12) 


By (|5]l- (l5.12p we get 

If 011^1 + If of 

< M(l + ef (w)) y + y” 6^0(2—(l + || 5 (s + r. Of+ef(0«w)|2)dsy (5.13) 

By (|5.5p with t = t, (|5.6p . (j5.12ll and Lemma [3T] we have 

{uo,n,vo,n) ^ (ito,^^o) in iLfR") X L^(R’^) with vq = zq - sy{u)uo. (5.14) 

Using (I5.14|l . following the proof of Lemma 13.51 (il. we infer that system (I3.9|) - (j3.1ip has a solution 
{u,v) = (u(-, r, 0_T-cu, uq), u(-, r, 0_T-w, uq)) with initial condition (uqjVq) at r such that, up to a 
subsequence, for all r > r, 

(Un(r, T, 6-rUJn, M 0 ,n), Wn(r, T, 9_rOJn,VQ^n)) ^ {u{r, T, 9_r0J, Uo),v{r, T, 9-rUJ, Vq)) 
in (R'^) X L^(R”), which together with (I5.5p - (j5.6h and Lemma l3.II implies for all r > t, 

(Unir, T, 9-rUJn, Uo^n),Zn{r, T, 9_r^n, Z0,n)) ^ {u{r, T, 9_r^, Uq), z{r, T, 9-rUJ, Zq)) (5.15) 

in H^{R^) X L^(R"') where 

z{r, T, 9-rUJ, zo) = v{r, r, 6»_^a;, uq) + ey{9r-T^z)u{r, r, 9-rUJn,uo) 
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with vo = zq — £y{uj)uQ. By (15. 4p and (I5.15P we get for t E M+, 

{UniZn) ^ {u{t + T^T,9-rOJ,UQ)^z{t + T,T^0-rOJ,ZQ)) ill X L^(M"'). (5.16) 

By p5.ip - p5.2i) and ([5]) we have (no, no) E which along with p5.16l) implies (15.3p with 

u = u{t - 1 - r, r, 6-rUJ, uq) and z = z{t -|- r, r, zq), and thus completes the proof. □ 

Next, we prove the P-pullback asymptotic compactness of <h. 

Lemma 5.3. Under conditions (|3.4l) - (l3.6p and (I3.105p . there exists Sq = £o{a,X,f) E (0,1) such 
that for all £ E (0,eo], *1* is V-pullback asymptotically compact in x L^(M"'). 

Proof. Given tEM, cnEll, HeP and (un,Zn) E <h(t„,r — tn,0-tn^, D{t — tn,0-t„co)) with 
tn —^ oo. We want to prove {un,Zn) has a convergent subsequence. By assumption, there exist 
(no,n,^o,n) G D{t - tn,9-t^uj) and {un{-,T - tn,6-TUJ,uo,n),Zni-,T - tn, O-t^z, ZQ^n)) with initial 
condition (no,n, ^o,n) at r — such that 

{Un,Zn) = {Un{T,T -tn,0-rUJ,Uo,n),Zn{T,T -tn,0-riO,Zo,n))- ( 5 - 17 ) 

By P3.102I) and P5.17I) we have 

{Un,Zn) = {Un{T,T-tn,0-rUJ,UQ^n),Vn{T,T-tn,0-TiO,Vo^n)+ey{u)Un{T,T-tn,0-TUJ,Uo^n))- (5.18) 

By Lemma IH3l the sequence {(^^(r, r—tn, 9-rOJ, no,n), nn(T, r—tn, 9-rOJ, no,n))}^i has a convergent 
subsequence in i7^(R"') x L^(M"'), and so is the sequence {{un,^n)}’i^=i by P5.18I) . This completes 
the proof. □ 

Finally, we prove the existence and uniqueness of random attractors of <h. 

Theorem 5.4. Suppose (|3.41) - (13.611 and (13.1051) hold. Then there exists £o = £o{a,X,f) E (0,1) 
such that for all £ E (0, £o], system p3.ip - p3.3p has a unique V-pullback attractor A &V in H^{W^) x 
L^(M”). Furthermore, : M —>• L^(]R”') is T-periodic for some T > 0, then so is the attractor A; 
that is, A{t + T,uj) = A{t, oj) for aZZ r E M and a; E 11. 

Proof. We have proved that satisfies all conditions (i)-(iv) of Theorem 12.141 more precisely, 
is P-pullback asymptotically compact in x L^(M") by Lemma [5l3l 4>(t,r,cn,-) : F7^(M”) x 

L^(M") —?■ is upper semicontinuous by Lemma 13.91 has a closed P-pullback ab¬ 
sorbing set iL E P by Lemma 15.11 and <k(t, r, •, iL(r, •)) : 11^ —^ is weakly upper 

semicontinuous by Lemma 15.21 As a result, the existence and uniqueness of P-pullback attractors 
of ‘k follows immediately. 


48 


















If <7 : M —)• L^(M”) is T-periodic, then one can check that <I> is also T-periodic: <h(t, r + T, w, •) = 
$(t,r,w,-) for all t E M'*', r E M and w E fl. On the other hand, by (j5.ip - (l5.2p we see that 
K(t + T,uj) = K{t,uj) for all r E M and a; E in the present case. Therefore, the T-periodicity of 
A follows from Theorem 12.141 again. □ 
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